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Abstract

In this article, we explore the problems of point-wise and uniform Convergence of the Fourier

Series, using the knowledge on the mean-square convergence of the Fourier series.

I. INTRODUCTION

In this article, we consider the problems of point-wise and uniform convergence of the Fourier
series. We assume the knowledge on the mean-square converge of Fourier series for the 27-
periodic complex-valued functions, which are Riemann integrable in [—m, 7] [1]. However, it
should be noted that the point-wise convergence of the Fourier series is not guaranteed for
all such functions. Nevertheless, point-wise and uniform convergence can be guaranteed under
additional conditions on the function considered. For instance, if the function considered is
Lipschitz continuous, it can be established that the Fourier series not only converges point-
wise but also converges uniformly to the function considered. Also, it can be established that
the Fourier series converges point-wise to the function at the points at which the function is
differentiable. The continuity of the function does not, in general, guarantee the point-wise
convergence of the Fourier series. In summary, we will establish that for a 27-periodic complex-
valued Riemann integrable function,

« the Fourier series converges uniformly to the function if the function is Lipschitz continuous.

« the Fourier series converges point-wise to the function at the points at which the function

is differentiable

« the Fourier series does not, in general, converge point-wise if the function is continuous.

In particular, we will prove the existence of a continuous function whose Fourier series

diverges at 0.
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Although point-wise convergence of the Fourier series is not guaranteed for continuous functions,
we will establish that the Fourier series is Césaro summable to the function at the points of

continuity.

II. NOTATION

Let C-™7 denote the space of 2 periodic complex valued functions defined on R. It should
be noted that CI=™7 is isomorphic to the space of complex-valued functions defined on the
unit circle S = {z € Z : |z| = 1}. Also L% ([, 7];C), B([—m,7],C), C([—m,~],C), and
C™([—m, ], C) denote the spaces of locally Riemann integrable, bounded, continuous, and m-
times continuously differentiable (m € N) 2r-periodic complex-valued functions defined on R,
respectively. Additionally e,, € CI=™7 is defined by e,,(§) = ™ for 6 € R. Also Py ([, 7]; C)

denotes the set of functions of the form,

N
= cuen, ()
n=—N

where ¢,, € C, and —N <n < N.

Additionally, f(x) = O(g(z)) as * — a indicates that, there exists a neighborhood U of a
and a constant C' > 0 such that |f(z)| < C|g(x)| for all x € U. For a normed vector space X
with norm ||.||x, z € X and r > 0, Bx(x,r) denotes the open ball centered at x with radius
rie Bx(xz,r) ={y € X : |z —y||lx < r}. Also, for two normed vector spaces X and Y/,
B(X,Y') denotes the set of all bounded linear operators from X to Y.

III. PRELIMINARIES

Proofs for all the results not proved in this section can be found in [1].

A. Some results regarding L% ([—m, 7|; C) space
Notice that L% ([—,7];C) is isomorphic to the space of Riemann integrable functions de-
fined on [—, 7] taking equal values at —m and 7. We can define an inner product (-,-) on
L% ([—m,7]; C) using,
1 [7 —
() = 5= [ s@)5100. @

Also, this induces the L? norm |||,

Q_L " 2
1917 = 55 [ \r@)Fas @

—T
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However, for the above definitions to be valid, we should interpret f = g as f and g agree
almost everywhere.

More generally, we can define the L? norm on for f € L% ([—m,7];C), where p > 1 by,

Iz = 5= | \rceyrae, @
Also the uniform norm ||.||,, (also denoted by ||.||«) can be defined for f € B([—m,7]; C) by,
[ fllu = SuP,e_rx | f(2)]. We prove the following important result regarding the uniform norm
and the L? norm.

Lemma 1. The uniform norm is stronger than the L? norm in L% ([—7,7]; C).

Proof. Notice that,

1 s 1 s
117 =55 [ \r@kas < o [ 1isiEes = |11 )

—Tr

which establishes the result. O]

B. Fourier Series

Given f € CI=™7 the series,

> fnen, 6)

n=—oo

is the Fourier series of f, where,

fn) = (fren) = 5 /f (7)

We define the N-th partial sum of the series by Sy (f) € Pig([—, 7]; C), where

N
= > fn)en (8)
n=—N

The convergence of the Fourier series is defined by the convergence of the partial sums Sy(f).

We assume the knowledge of the convergence of the Fourier series in the mean square sense.

We summarize this and a few other results below.
Theorem 1. Consider f € L% (|—m, 7|; C). Then we have,

Jim [1f = Sw(F)ll = 0. ©)
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Lemma 2. Consider f € C'([—m,x|;C). Then we have,

~ A

f'(n) =inf(n), (10)
for all n € 7.

Proof. For n # 0,
“ 1 L ] o 1 T - By
Fn =5 [ F@e ™y = [rwe ™"~ o [ Fw(-imeay

=0 5 /_ ey = inf(n). (1n

where (a) follows from integration by parts formulae, and (b) follows since both f and e_,, are

2m-periodic. For n = 0,

FO) = [ 76y = 1) = f(-7) = 0. (12)

where (a) follows from the Fundamental theorem of Calculus, and (b) follows since f is 2mx-

periodic. [

Theorem 2. (Parseval’s identity for Fourier Series): Consider f,g € L%([—n,7];C). Then,

(F.9) = (FORE s G, = D0 F0)30) (13)

n=—oo

In particular,

113 = Y )P (14)

n=—oo

Lemma 3. (Riemann—Lebesgue Lemma for Fourier Series): Consider f € L% (|—m, x|; C). Then,

lim f(n)=0. (15)
[n]—o0
An equivalent formulation is,
lim [ f)sin(g)dy =0, (16)
n|—oo —T
and
‘ l|im / f(y) cos(ny)dy =0 (17)
n|—oo —T
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C. Approximate ldentities

A family of functions {f,}°, of L% ([—m,n];C) is called an approximate identity if each of

the following three conditions is satisfied.

1) For each n € N,

i/w fulw)dz =1, (18)
2 ) .

2) There exists B > 0 such that,

/ " fu(@)lde < B, (19)

for each n € N.
3) Given any 6 € (0,7), we have that,

-5 lis
tin ([ 1las s [Ti@ler) <o 0)

D. Convolutions

Consider two functions, f, g € L% ([—n,7]; C), The convolution of f and g denoted by fxg €
L% ([, w];C) is a function defined by,

(f*@@ﬁZé%/?f@M@%—MMJ 21)

The following lemma summarizes several results regarding convolutions.

Lemma 4. For f,g,h € L%([—m, 7|;C), we have that,
D) (fxg) € C([-m,7],C)
2) frg=gxf
3) ForceC, (¢f+g)xh=c(f*h)+ (g*h)
A f *glle < M Nullglh

We also have the following theorem regarding convolutions and approximate identities.

Theorem 3. Given an approximate identity {f,}°2, and f € L%([—m, n]; C). If f is continuous

at x, then,

lim (f, * f)() = f(2), (22)

n—oo
Moreover, if [ is continuous in (a,b), then f, * f — f uniformly in any compact sub-interval

[c, d] contained in (a,b)
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E. Césaro Summability

Let (a,)>2, be a sequence in C and define the k-th partial sum by,

k
5= s (23)
1=1

The sequence (a,,)>2 , (or the sequence of partial sums (s,)5° ) is Césaro summable with Césaro
sum A if and only if,

n

lim 1 Z sp = A. (24)

n—oo N
k=1

It can be proved that if the sequence of partial sums s, converges to A, it is Césaro summable

to A.

F. Dirichlet Kernel

It should be noted that for f € L% ([—m, 7];C), Sx(f) can be written as the convolution of f

with another function. In particular, notice that

Sn(f)(@) = n:ZN:N f(n)es = ZN:N (% /_: f(y)ei”ydy) pine

L) ( > e""“‘y)) dy = (f = Dy)(x), (25)

T or
- n=—N

where,
N

Dy= ) e (26)

n=—N

is called the Dirichlet kernel. This representation of the Fourier series will be important later in
our analysis. For now, we will use this representation to prove the following results regarding

the Fourier series.
Lemma 5. Consider N € N, and fi, fo € C(|—n,n];C), ¢ € C. Then we have,

Sn(f1 +cfa) = Sn(f1) + cSn(f2) 27)

Proof. Notice that for x € R,

Sn(fi +cf2) = Dy x (fi +cf2) =@ Dy * fi + c(Dy * f2) = Sn(f1) + cSn(f2), (28)

where we have used lemma 4-1) and lemma 4-3) for (a). ]
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The following lemma establishes a few properties of the Dirichlet kernel.

Lemma 6. Following are a few properties of the Dirichlet kernel.

1) Forall N > 0, and y € R we have,

D = 29
N(y> sin (%) ( )
In particular, Dy is real-valued and even.
2) The following identity holds,

/ Dy (y)dy = 2w (30)

3) The following inequality holds for each N > 2.
1Dl > Zk 31
Proof. See appendix A [

IV. POINT-WISE AND UNIFORM CONVERGENCE OF FOURIER SERIES.

The problem of point-wise convergence of the Fourier series can be formulated as follows.
Consider a function f € L% ([—,7; C) and x € R. Under what conditions does limy ., Sx(f)(z)
exist and is finite? An extension of the above question would be to find the cases in which the
above is valid for all z. If this were true, one could find a function g € L% ([—n, 7]; C) such that
limy 00 Sn(f)(x) = g(x) for all z € R. When such a function exists, the problem of uniform
convergence of the Fourier Series is to determine whether lim,,_,||Sy(f) —g|l. = 0. Notice that
if point-wise convergence does not happen at all real numbers, we cannot talk about uniform
convergence.

Now that we have formally defined the problems of point-wise and uniform convergence of
the Fourier series, we will explore the different cases under which these conditions hold. Indeed,
it can be established that, for general functions in L% ([—m, 71]; C), the point-wise convergence
of Fourier series is not guaranteed. Although intuition suggests that the point-wise convergence
is true for continuous functions, it is possible to construct C'([—m, 7|; C) functions for which the
Fourier series diverges at a point.

We begin with the following theorem, which serves as a sufficient condition for determining

whether the Fourier series converges uniformly.
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Theorem 4. Given f € C(|—n,n];C). If,

> 1f )] < o, (32)

n=—oo

then Sn(f) converges to f uniformly in [—m,|.

Proof. Notice that for n > 0,
[f(m)e™ + f(=n)e™ ™| < |f(n)| + | f(=n)|. (33)

Hence, the Weierstrass M-Test, applied to the sequence of functions, {f(0)eo} U {f(n)e, +
f(—=n)e_,}>°, yields that, Sy(f) converges uniformly to some function g. But notice that
Sn(f) is continuous for each N. Hence from the uniform limit theorem, g is continuous. Also
g € C([—m,n];C), since Sy(f) € C([—m,n];C) for each N.

Now we prove that f = g. Fix any £ > (. Notice that, from the mean square convergence of

the Fourier Series (theorem 1), there exists /N € N such that n > N implies,

1Su(£) = £Il < 5 (34)
But notice that since .S, (f) uniformly converges to g, there exists, M € N such that m > M
implies,
1Sm(£) = glI < ISm(F) = gllu < 5, (35)
where the first inequality follows from lemma 1. Let N = max{N, M}. Hence, we have
e > |ISy(F) = gll +11f = Sx(PII = llg = I, (36)

where the last inequality follows from the triangle inequality. But this will be true for any € > 0.

Hence ||g — f|| = 0. Since g and f are continuous, we have that g = f. O

In the following two sections, we will analyze two cases in which the uniform convergence and
the point-wise convergence of the Fourier series hold, respectively. In the section that follows,
we will prove the existence of a continuous function for which the Fourier series diverges at 0.
Finally, we will explore the problem of Césaro summability of the Fourier series of continuous

functions.
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A. Uniform Convergence of the Fourier Series of Lipschitz Functions

In this section, we establish that if f € L% ([—m, 7|; C), and f is Lipschitz continuous (| f(x) —
f(y)| < L|x —y| for all z,y € R for some constant L > 0), then Sy(f) converges uniformly to

f. We present this in the following theorem.
Theorem 5. Consider f € L%([—n,7];C). Moreover, assume that f is Lipschitz continuous.
Then Sn(f) converges uniformly to f.

Proof. This proof follows the outline provided in Chapter-3, Exercise-16 in [2].

Assume that f is L-Lipschitz continuous. We prove that,

> 1f(n)] < o0, 37)

n=—oo

which will establish the result from theorem 4.

Fix an h > 0. Define g, : R — C, by

gn(x) = f(z +h) = f(z = h). (38)

Notice that,

Gin) = 5= [ a@emao = 5o [ (fla ) = fla - h)e

= /fx—i—h nTdy — —/ f(zx — h)e "™ dx

f (y)e "My — — f (y)e " dy
27T —7+h 2m —h
1
_ —zn (y— h _ _“"b(y"‘h)d
=@ 5~ / fly dy o f (y)e y

_ _7T /_ﬂ— f(y)(eznh o e—inh)e—inydy
= 2isin(nh) f(n), (39)

where (a) follows since, y — f(y)e ™ is 2m-periodic. Hence from Parseval’s identity (theo-

rem 2) we have,

o0

L / @Pdr = gl = 3 GmP= 3 alsmEn)Plf@P @0

n=—oo n=—oo

But notice that,

L/ I L /m
g/_ﬂ g (z)*dz = %/_W\f(xjth) — f(z— h))Adz < %/_W(%L)zdgg _ Pt @D
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Hence combining with (40), we have,

> |sin(nh)?|f(n)* < h7L, (42)

n=—oo

Now let p € N, and let h = 7/2P"L. Notice that for n € N such that 2P~! < |n| < 2P, we

have that,

T < Inh| <

1 (43)

l\DI»—

Hence,

— < |sin(nh)|. (44)

N

Hence from (42), we have,

00 R R 1 )
272 : 2 2 : 2 2 2
RPLP> Y [sin(mh)PIf ()P > Y [sin(nh)P|f(n)] > 5 Yo fmP @9

n=—o0 2p=1<|n|<2p 2p—1<|n|<2p

which after substituting for h transforms into,

A L*7?
>, P <oy (46)

2p—1<|n|<2P

Notice that from Cauchy-Schwartz inequality and the above inequality, we have,
2

ool <[ > 1 Yo P =2 > IfwP
2p—1<|n|<2p 2p—1<|n|<2p 2r—1l<|n|<2pP 2r—1l<|n|<2pP
L*7? L’7n?

= 2p22p+1 = op+l- 47)

Hence we have that,

A L
> W) < g (48)
2P < |n|<2P
Hence,
Z!f = F (O +[f ()] + £ (- !+Z > i)
n=-—00 p=1 2r—1<|n|<2P
<O+ W]+ 1f(- |+Z \ﬂ,,ﬂ)
—1FO) + 1]+ D)+~ < o0 (49)
— N ,
Hence we have the desired result. O
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As a consequence of the above theorem, we have the following corollary.
Corollary 5.1. Consider f € C'([—m,7|;C). The Sy(f) converges uniformly to f.

Although the above establishes the uniform convergence of Fourier series for C*([—, 7]; C)

functions, more can be said regarding the rate of decay of their Fourier coefficients.

Theorem 6. The Fourier coefficients satisfy f(n) = O(1/|n|™) as |n| — oo, whenever f €
c™([=m, 7]; C).

Proof. Let f™ denote the m-th derivative of f. Notice that applying lemma 2 m-times yields,

— N

fim(n) = (in)™ f (n). (50)
Hence,
00l = o [0 = o | [ e < o [ e
_ @ (51)
|n[™
where C' = -1 [T | f(™)(y)|dy is independent of n. O

Notice that the above theorem, along with theorem 4, establish that the Fourier series of

C?([—m,7]; C) functions converge uniformly.

B. Point-wise Convergence of the Fourier Series of Differentiable Functions

Consider f € L%4([—m,n];C) such that f is differentiable at a point z € R. Notice that
section IV-A does not guarantee the uniform convergence of the Fourier series for this case.
Nevertheless, it can be established that Sy (f)(x) converges to f(x). Hence if f is differentiable,
we have that Sy(f) converges point-wise to f. It should be noted that for this result to hold, we

do not require continuous differentiability. We establish the result using the following theorem.

Theorem 7. Consider f € L% ([—m,7|; C). Moreover, assume that | is differentiable at x. Then
Sn(f)(z) converges to f(x).

Proof. This proof follows the proof provided in [2]. We begin by defining the function F' :

[—m, 7] = C,

F(y) = (52)
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We first establish that F is Riemann integrable in [—7, w]. We state this as a lemma here and

attach the proof in the appendix.
Lemma 7. The function I defined in (52) is Riemann integrable in [—m, 7|.
Proof. See Appendix B [

Now we proceed to the main proof. Notice that,
Sx(f)(z) = flz) = 5 / (o~ »)Dx()dy - (2)
N / o= 0)Dx(way -5 [ 1Dxway

~ 5 | (e =9 = Fe)Dati)dy

- UFW)Dy ()4

sm N + l) y)
=0 —/ (g
. sin (Ny) cos (4) + cos (Ny)sin (%))
_ F d
~ o _ y ) ( sin (%) ’

1 T yF El 1 7
o _ﬂy Si/r)l(zzs)(z)Sin(Ny)+g/_ﬁyF(y)COS(Ny)dy, (53)

2

where (a) follows due to lemma 6-2), and (b) follows due to lemma 6-1).

ycos(%)

Since F' is Riemann integrable in [—m, 7], and y — n(2) is continuous, we have that,
2

yF(y )cos(y) . . . .
y = “an(E) and y — yF(y) are Riemann integrable in [—m, 7|. Hence from the Rie-

mann—Lebesgue lemma (lemma 3), we have that,

Jim Sy (f)(z) = f(z) = lim i/jr Msin(fvy)

N—oo 27 sin (%)
. 1 T
+ lm o /_ﬂ yF(y) cos (Ny)dy =0, (54)
which establishes our claim. L]

C. A Continuous Function with a Diverging Fourier Series

In this section, we prove the existence of a C([—m,7];C) function whose Fourier series

diverges at a point. Although it is possible to provide an explicit construction of such a function,
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we will only focus on proving its existence. We first state the Banach-Steinhaus theorem, which

will be used in the proof.

Theorem 8. (Banach-Steinhaus Theorem): Let X and Y be Banach spaces, and let {T,|a € A}
be a collection of elements of B(X,Y') (bounded linear transformation from X to Y'), where A

is an index set. Then either,

sup ||To|| x5y < oo, (55)
acA

sup || Toz||x = o0, (56)
for all x € G, where G is a dense set in X.

Proof. See Appendix C. We do not prove the full statement. Instead, we prove that if,

sup ||To||x—y = o© (57)
acA
then there exists x € GG for which,
sup || Toz||x = oc. (58)
This is enough for our purposes. The proof is taken from [3]. [l

Now we prove the main result of this section.

Theorem 9. There exists [ € C(|—n,n|;C), whose Fourier series diverges at 0.

Proof. The proof is adapted from [4]. Consider the two spaces X = (C([—m, 7]; C),||.||), and
Y = (C,|.|), Notice that X and Y are Banach spaces. Also define the sequence {7,}5°, of

linear transformations from X to Y where 7,, is defined by,

Tof = Sn(£)(0). (59)

Notice that the above is a linear transformation due to lemma 5. Moreover for any f €

C([=m, 7 C),
(SN (DO < S8 (Dl = 1Dn * fllu (@) 1D I[L][F ], (60)

where (a) follows from lemma 4-4). Hence, we have that 7,, € B(X,y), and ||Tn]||xoy <
1Dl
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Now we prove that ||Tw||x—y = ||Dn||1- We do this as follows. For any € > 0, we construct
a g. € C([—m,r];C), such that, |Sn(G-)(0)| > ||Dn||1 — ¢, and ||gc||. = 1, which will establish
the result.

First, consider the function g € B(|—m,7];C) given by,

1 if Dy(z) >0
g9(x) =30  if Dy(z) =0 (61)
—1 if Dy(z) <0
Notice that ||g||; = ||g||. = 1. Also notice that Dy (z)g(z) = |Dy(z)| for each x. Since Dy is
a continuous function, the set of discontinuities G of ¢ is the set points at which Dy is zero.
Notice that from lemma 6-1), there are only finitely many such points in [—7, 7]. Let us denote
gNn[—m,m] = {a;}}, for some M € N, where a; < a;,; for all 1 < j < M. Let us also define
ap = —m and a1 = m (Notice that m, —7 & G).
We use g, in order to construct a g.. Let 6 > 0 be such that,

ET

0 < ——7—
2M||Dy]lu

(62)

and

a; — Qj—1

o<
2 )

(63)

for all 1 < j < M+ 1. We obtain . in [—m, 7| by augmenting g in the intervals (a; — 0, ax + )
for each 1 < k < M. Notice that (63) guarantees that the intervals in {(az —d, a,+9)}2Z, do not
intersect. For each k such that 1 < k < M, gg\(ak_57ak+5) is defined to be the straight line joining

g(ax —0) and g(ax +J), which makes g. is continuous. Moreover, due to (63), ||g-||. = 1. Also,

59100 = 5 | [ Dut-ta0a| = 5 | [ Dy

— 5= || Py - o0+ g0)at
— 5| [ Pvtotao - atonar+ [ uttgton
>0 52| | Dxtatoat] - - | [ Da0a) - st
1 T 1 M ap+0 -
= e | [ Do) =15 [ Da0u0 - 0
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1
—|D _
1Dl - o

M ar+9

Z/é Dy (t)(g:(t) — g(t))dt
M aip+90

> 11Dvlh = 3= 30 [ 1D (Ol — g(o)lds

1 M (lk—|—§
> D - — 2/| Dyl dt
2 10wl =53 [ 20w

2M3]| Dllu
™

= |[Dnll1 — [[Dnll1 — &, (64)

where (a) follows due to (6)-1), for (b) we use triangle inequality, for (c), we have used that g
and §. agree on [—m, 71| everywhere except in UM (ay — &, a; + d), and for (d) we have used
that |g.(t) — g(¢)| < 2 for all ¢. Hence we are done.

Now notice that from lemma 6-3), we have that,
sup || Dp|1 = oo, (65)
neN
since » .-, = oo. Since ||D,||; = ||T,||x—y for each n € N, we have,
sup ||Tn|[x vy = oo. (66)
neN
Hence from the Banach-Steinhaus theorem, there exists f € C(|—m, 7|; C), such that,
sup || T, f|| = sup [[Sn(£)(0)]| = oo (67)
neN neN

In other words, the Fourier series of f diverges at 0. Hence we have the claim. [

V. CESARO SUMMABILITY OF FOURIER SERIES

Although the Fourier series of a general continuous function may not necessarily converge
point-wise to the function according to section IV-C, it can be established that if f € L% ([—m, 7|; C)
is continuous at z, then (S, (f)(z))r, is Césaro summable to f(z). In order to prove this, we
first introduce Fejer Kernels.

The Fejer kernel Fly is defined by,

1N—l
Fy = — D,,. 68
N anzo (68)

It can be proved that { Fy}3_, is an approximate identity. We will prove this in a while. First,

we will look at the implication of this statement.
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Theorem 10. For a function | € L% ([—n,«|; C), continuous at a point x € [—m, 7|, the Fourier
series of [ is Césaro summable to f(z) at z. In particular, if f € C(|—m,7];C), since fxF, — f

uniformly, the Fourier series of f is Césaro summable to f.

Proof. If f is continuous at x € [—m, x|, then (f * F},)(xz) — f(x) from theorem 3. But notice

that,

=
= =)_5 (69)
N:0

where equality (a) follows from lemma 4-3). This means that, Zn;() Su(f)(z) = f(x). In

1
n=0

(f % F,) (NE:D> %%:

other words, the Fourier series of f is Césaro summable to f(x) at z. ]
Now we prove that, {F,,}°°, is infact an approximate identity.

Theorem 11. {F),}°2 |, where F,, is defined in (68) is an approximate identity.

Proof. First, we prove that

1 sin?(Nz/2)

F = Y 1 70
n(z) N sin?(z/2) ’ (70)
for all x € R. We proceed by induction. Notice that,
sin (%
Fl(LC) = D(](IE) =(a) (2) =1 (71)

3)

where (a) follows from lemma 6-1). Hence the result is true for N = 1. Now assume that the

sin (

N

result is true for N = k, where k > 1. Hence,

1 sin*(kz/2)

Hence,
ORSVIC. SinQ(’%”) sin ((k + 3) 7)
Fra (@) = : (k+ l)k Vk+1 ( sin® (£) * sin (%) )
_ 1 (Sin2 (%’”) + sin (g) sin ((k: + %) x))
k+1 sin® (£)
_ 1 1 — cos(kx) + COS( x) —cos((k+ 1)x)
®) 2(k+1) sin® (£)

(k+1)x

1 1 —cos((k+1)x)\ 1 sin’ (T)
2(k+1) ( sinZ( ) - ( ' 73

k+1) sin? (%)
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where (a) follows from the induction hypothesis and lemma 6-1), and for (b) and (c), we have
used 2sin(A)sin(B) = cos(A — B) — cos(A + B). This completes the induction, and we have
the result.

Now we prove that {F},}°2 , satisfies the three properties of an approximate identity.

1) Notice that,

1
— F = Di( 4
o v (y)dy = va/ y)dy = (74)

where (a) follows from lemma 6-2)
2) This follows from 1) since Fy is non-negative from (70).
3) Notice that from (70) we have that Fy is an even function. Hence we need to establish

that,

lim /7r |Fy()|dz = 0, (75)

N—oo 5
for any 6 € (0, 7). But notice that x + sin*(z/2) is a non-decreasing function in [0, ].

Hence sin®(z/2) > sin?(6/2) = ¢ > 0 for all = € [§, 7]. Hence,

" (Nz/2) i
lim [ |Fy(o)lde = lim N/ Sls?n ;é dxgj\}i_rgom/& sin?(Nz/2)dz

) 1
= lim _/5 (1 —cos(Nz))dx

N—oo 2N ¢
— ]\}1_{20 QLC {x - %sin(]\fx)]:
~ i (77 p % sm(Na))
gé@wm(w—H%): (76)

VI. CONCLUSIONS

In this article, we established that the Fourier series of a Lipschitz continuous function
converges uniformly to the function. We also established the point-wise convergence of the
Fourier series at the points at which the function is differentiable. We also proved the existence
of a continuous function whose Fourier series diverges at a point. Finally, we established the

Césaro summability of the Fourier series at the points of continuity of the function.
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APPENDIX A

PROOF OF LEMMA 6

We will prove each statement separately.

1) Notice that,
N 2N .
) ] ) ) 1 — 6(2N—|—1)zy
in —iN in —iN'
Dn(y) = EN: ¢ =e yEO:e V=@ € (1_—)

6—1’(N+%)y 1 — e(@N+D)iy o
¥ ( 1—ew ) a =% — %
sin ((N +1)¢

sin (%) ’

where (a) follows from the formulae for the sum of the first 2N + 1 terms of a geometric

series.

2) Notice that,

T x N N T
[ o= [ 30 emay= 3 [ emay
- T pn=—N n=—NY T

N i s
ey
s [ ] T (78)
m
n=—N -7
n#0

3) This proof follows the outline provided Chapter-2, Problem-2 in [2]. First, notice that,

from part 2),

sin (N +3)y sin ((NV + 1) y
\DN(y)!=| (<. yQ) ) 22‘ ((V+3) )‘, (79)
[sin (%) |y
where we have used the inequality |sin(z)| < |z|. Hence, notice,
L[ 1 7 [sin(N+3)y
IDnl[1 = —/ |Dn(y)|dy > _/ Jsin (( 3) de
2T SN
1 (*(%+3) |sin (0))|
—(a) — Tld@
T a(vey) |
2 (8 Jsin (6)|
=) — ———do
™ Jo 4
> E/N“ |sin(9)|d0
T Jr 0]
=2 D7 (sin (0)]
= - deo
1 "k 6]
DRAFT
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27 Jo  ktm
0> ]:i - i : /k ikmw sin (6) do
-2 N g feos(OE

k=2

where in (a), we have used the change of variables § = (N + 1) y, for (b), we have used
the fact that |sin(6)|/|6| is an even function, and in (c), we have used the fact that sin

function does not switch signs in (k7, (k + 1)m) for all £ € N.

APPENDIX B

PROOF OF LEMMA 7

For this, first, we prove that F' is bounded. Notice that since f is Riemann integrable in [—7, 7],
it is also bounded in [—m, 7]. Let |f(z)| < M for all x € R. Also since f is differentiable at z,

there exists, d > 0 such that, y € (=4, ) implies,

o (M0 IE )| <) + £ (o) e

which implies that, |y| < J, implies,

()l < |f (@) +1, (82)

Also, if |y| > 0, we have that,

—y) — M
e BRI RET R s
Hence in general, we have,
/ 2M
Pl <max {17 @) +1.% | = 5, 549

which implies that F' is bounded.
Now we prove that I’ is Riemann integrable in [—m, 7]. This is a direct consequence of the

Riemann-Lesbague theorem proved in [1] since the set of discontinuities of F' is a subset of the
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set of discontinuities of f along with 0. We will also provide the following proof, which does
not use the Riemann-Lesbague theorem. Notice that, F' is Riemann integrable in [—m, —d] and
[0, 7] for any 6 > O (This follows since both f and i are Riemann integrable in the considered
intervals). Pick any ¢ > 0. Choose partitions P, and P, of [—m,—¢/(12B)], and [¢/(12B), 7]
respectively such that, |U(Py, F') — L(P, F)| < ¢/3 and |U(Py, F') — L(P2, F)| < /3. Now
consider the partition defined by P = P, U P,. Notice that,

U(P,F) < U(Py, F) + U(Py, F) + 23%, (85)

where the last term is due to the interval [—¢/(12B),¢/(12B)] in P. Similarly,

L(P,F)> L(P,,F) + L(Py, F) — 235. (86)

Hence,
UPF)—LPF)<UP,F)—L(P,F)+U(P,F)— L(PQ,F) + % < e. (87)

Hence, F' is Riemann integrable in [—, 7| as desired.

APPENDIX C

PROOF OF BANACH STEINHAUS THEOREM
We start with the following lemma.
Lemma 8. Consider any T € B(X,Y). Then for any x € X and r > 0, we have,
sup ||Tylly = r|[T||x-y (88)

yeBx (z,r)

Proof. Consider z € Bx(0,r). Notice that,
1
max{||T'(z + 2)lly, IT'(z = 2)lly} = (1T + 2)lly +[[T(x = 2)lly) 2 | T[ly,  (89)
where we have used the triangle inequality for the last step. Taking the supremum, we have that,

sup  max{||T(z + 2)||y, ||[T(x — 2)||y} = sup |[|Tz]|y. (90)
2€Bx (0,r) 2€Bx (0,r)
But notice that, sup,cp. (o, |[T2|ly = 7||T||x -y, from the definition of ||T|[xy. Also,
sup  max{[|T(z + 2)|ly, [|T(z = 2)|ly} = suwp |[T(z+2)lly = sup |[Tylly. O
z€Bx (0,r) z€Bx (0,r) yEBx (z,r)

Hence we have the desired result. L]
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Now assume that sup,, ||Ts||x—y = 0o. Choose a sequence, (T,,)>2 | of {T,|o € A} such that
|| T || x—y > 4" Now we construct a sequence (x,,)>>, of elements in X inductively as follows.
Start with xo = 0. Assume we have constructed (x,)*_}, where k > 1. Notice that, from

lemma 8 and the definition of supremum, there exists y € B(xy_1,37") such that

2
Tkylly > 53_k|\Tk||X—>Y- 92)

We set xp = y. Notice that, (x,)32
Tp1||x < 37" Since X Banach space, there exists x € X such that lim,,_,, ||z, — z||x = 0.

We now prove that,
1 _
|y — z||x < 33 k (93)

for all k € N. For proof, pick an arbitrary k € N. We prove the result for this k. Set € > 0 such

that € < %3”“. Notice that, there exists N € N such that n > N implies,
o — zl|x <e. (94)

If kK > N, we are done. Hence assume k < N. Notice that,

N-1
Z(%"%’H < ZH% Tl
3=+

=k
(j+1) (+1) ok
23] =L g ©3)

where (a) follows from the triangle inequality, and (b) follows from (93). Hence,

l|or — on||x =

1.
llore = 2llx = llzx — 2x +2n = 2lx < flow = 2nllx + oy —2]lx < 53 e (96)
But notice that our choice of ¢ is arbitrary. Hence, we have,
L, &
o — |l < 537 97

as desired.

Now notice that,

| Tox|ly = ||Th(z — 2n + 20) ||y > (a) || Tonlly — | Th(z — 20)[ly

Z(b) g3inHTnHXHY - H;U - xn”:}cHTnHXﬁY

1 1
> 37Tl x>y — 53_nHTn||X—>Y > 63_n||Tn||X—>Y > == (98)

[GS I\
| =
VRS
W | =~
~_

3
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Toanlly > 237"|T0l|x—y in (b) follows from

where (a) follows from the triangle inequality,

the construction of x,, and the last inequality follows from the choice of the sequence (T,)> ;.

Hence,
1 /4\"
sup ||Tox|ly > sup ||Thz|ly >sup= (=] = oo, (99)
acA neN neN 6 3
as desired.
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