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Multi-Player Resource-Sharing Games with

Fair Reward Allocation
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Abstract

This paper considers an online multi-player resource-sharing game with bandit feedback. Multiple
players choose from a finite collection of resources in a time slotted system. In each time slot, each
resource brings a random reward that is equally divided among the players who choose it. The reward
vector is independent and identically distributed over the time slots. The statistics of the reward vector
are unknown to the players. During each time slot, for each resource chosen by the first player, they
receive as feedback the reward of the resource and the number of players who chose it, after the choice
is made. We develop a novel Upper Confidence Bound (UCB) algorithm that learns the mean rewards
using the feedback and maximizes the worst-case time-average expected reward of the first player. The
algorithm gets within O(log(T')/v/T) of optimality within 7' time slots. The simulations depict fast

convergence of the learnt policy in comparison to the worst-case optimal policy.

Index Terms

Resource-sharing games, congestion games, potential games, fair reward allocation, worst-case

expected utility maximization, online games

I. INTRODUCTION

In this paper, we consider the following game with m > 2 players numbered 1,2,... m,
and n > 2 resources numbered 1,2,--- ,n. The game evolves in slotted time ¢ € {1,2,...}.
The vector W (t) € R" denotes the random reward vector at time ¢ € {1,2,... }. In particular,
for each ¢ € {1,2,...,n} and each t € {1,2,...}, W;(¢t) > 0 denotes the reward offered by
resource ¢ at time ¢. We assume that W (¢t) are i.i.d. with E{W ()} = E = [Ey, Es, ..., E,].
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The vector E is unknown to the players. During each time slot, each player selects r resources
without knowing the other player’s selections (assume that 0 < r < n), and without knowledge
of W (t). During time slot ¢, for each k € [1 : n], each player selecting resource k receives a
reward of Wy, (t)/Sk(t) from resource k, where Si(t) is the number of players choosing resource
k during time slot ¢. For each i € {1,2,...,m}, let A;(t) denote the set of resources chosen by
player 7 during time slot ¢. During time slot ¢, after the selection of resources, player i receives
(Wi(t), Sk(t)) for k € A;(t) as feedback.
The total reward received by player i during time slot ¢ is >, 4 ) Wk(t)/Sk(t). The time-
average expected reward of player 7 in a finite time horizon of 7' time slots is
T
DI PIE o v

t=1 keA;(t)

The goal is to design policies to maximize the time-average expected reward of player 1.
However, this is not possible since player 1 does not have control over the policies of the
other players. Hence, we focus on maximizing the worst-case time-average expected reward of
player 1, which we define in the sections below.

For k€ {1,2,...,n} and t € {1,2,...}, define X (t) = > ", Lixea, ). Hence, Xy(t) is the
number of players (other than player 1) choosing resource k during time slot ¢. Also, we have

Sk(t) = Ljgea, ) + Xi(t). For each ¢, it can be shown that X (¢) € J, where

ij :(m—l)r}. ()

Additionally, for a given ¢t € {1,2,...}, it can be easily shown that for any « € 7, there exists

jZ{mG{O,l,...,m—l}"

a way for players 2 to m to choose resources such that X (¢) = .

A. Time Average Expected Reward
Define H(t) = {(A(7),{Wi(7),Se(7);1 < k < n,k € Ai(7)});1 < 7 < t}, the history
up to time ¢. Given H(t), the action of player 1 at time ¢ is conditionally independent of
the other player’s actions at time ¢. Define the random vector p(t) with components py(t) =
E{Lkea,@|H(t)}. Since Y p_; Ljkea, ) = 7, it can be shown that p(t) € A, ,, where A, is
the (n,r)-hypersimplex given by
A, = {pem Y pi=rp €01 Vie {1,2,...,n}}. (3)

=1
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Also, notice that given p € A, ,, we can use the Madow’s sampling technique (see, for
example [1]]) to sample an action set A C {1,2,...,n} such that, |A| =, and p, = E{lpc4}
for each k € {1,2,...,n}.

Notice that we can write the time-average expected reward R(7") of player 1 in a finite time

horizon of T time slots as
T n

RS Wi Tpeay | 1 L ke, (1)
A= 30> el 0y ne{ e )
o)

1+ X,.(t) H(t)} E {ﬂ[keAl(t)HH(t)}}

e %(t)}pku)}

c>—ZZEE{1+Xk = ZE{f X (o), @

where (a) follows since W (¢) is independent of the actions of players at time ¢, (b) follows

since Ly, is independent of X, (¢) conditioned on H(t), (c) follows since p(t) is an H(t)-

measurable random variable, and the function f : R} x Z} — R is defined as

a Ekpk
= E 5

The time-average expected reward of player 1 is

R :=lim inf R(T). (6)

T—o00

B. Worst-Case Time Average Expected Reward

Notice that since player 1 does not have access to X (¢) when taking action during time slot ¢,
they cannot directly maximize R defined in (6)). But notice that for fixed p € A,, .., the worst-case
value of f(p,x) is f™™(p), where

frori(p) = min f (p, x). (7)
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Combining with (@), the worst-case time-average expected reward in a finite time horizon of T

time slots is given by

T
1
Rworst T = — E worst t ) 8
(T) T; {r ()} ®)
Hence, the worst-case time-average expected reward of player 1 is
RY™ =1lim inf R“™Y(T). C))
T—o0

Instead of maximizing R, player 1 can take decisions to maximize R"°™' without knowledge of
the decisions of other players.

From and (9), we have that the maximum possible value of R™™' is f"o"'* where

fworst, *

_ . _ worst 10
g min (p,) = g ™), "o

*

that is achieved by using the policy p(¢) = p* in each time slot, where

p* € arg max fY(p). (11)
DPEAR,»

The f**!' function is unknown to player 1 because the function f defined in (3) is in terms
of the unknown £, values. Hence, we aim to design an algorithm that achieves a worst-case
time-average expected reward close to f"°"“* using the bandit feedback.

Note: Notice that one can relax the constraint of each user choosing exactly r resources by
allowing each user to select at most r resources. Since the rewards are assumed to be nonnegative,
this will not affect f™°'. To formalize this, following the same analysis as before, it can be

established that the worst-case expected utility in this case is

f'worst,* = max m1r~1 f(p, 13)7 (12)
PEAL - xET
where
An,r - {p € [0’ 1]” : sz = T} (13)
=1
and

j:{azG{O,l,...,m—l}":ijS(m—l)r}. (14)
j=1

Now assume (p*, ") achieves the maximin optimality for (I2)). Now consider any p* € A,, . such

that p* > p*, where the inequality is taken entry-wise and let £ € argmin, 7 f(p", «). Consider
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arbitrary " € J such that &* > &. First notice that f(p*,&") < f(p*, &), where the inequality
follows combining definition of f in (§) with £* > &. Since, £ € argmin, 7 f(p", ), the
above means " € argmin,, ; f(p", ). Now, notice that f(p*,2") > f(p",&") > f(p",Z"),
where the first inequality follows combining definition of f in (5) with p* > p* and the second
inequality follows since " € argmin, ;7 f(p", ). Hence, the pair (p*,2£") is also a maximin

optimal point for (T2). Since p* € A, and * € J by definition, we have f¥ost* = fworstx,

C. Related work

The main challenge of applying online optimization techniques such as online gradient de-
scent [2]] to the above problem is due to the fact that we do not know the function f since
we do not know E. The problem shares certain similarities with the problems of multi-armed
bandit learning (MAB) [3]], [4], adversarial bandit learning [S], [6], online-convex optimiza-
tion [7l], online-convex optimization with multi-point bandit feedback [8], and stochastic convex
optimization [9].

Multi-armed bandit learning is extensively studied in the literature. The classical MAB problem
consists of a fixed number of arms each with fixed mean reward. A player chooses an arm in
each iteration of the game, without knowledge about the mean rewards, where after the choice
is made the reward of the chosen arm is revealed to the player. The goal is to learn to choose
the arm with the highest mean reward. An algorithm for the MAB problem has to explore all
the arms in order to learn the best arm. But in doing so, the player also chooses arms with low
mean reward, which affects the long term reward of the player. Upper confidence bound based
algorithms, where the algorithm maintains an upper bound on the mean cost of each arm, is a
popular in the MAB literature [[10], [S]. Our problem cannot be addressed using classical MAB
approaches since the reward not only depends on the chosen resource, but also on the choices
of other players. Another related problem is adversarial bandit learning. Unlike the worst-case
approach, the adversarial bandit framework cannot be used to obtain utility guarantees for player
1 that are independent of the actions of the other players.

The framework of online optimization also shares similarities with our work since our goal is
to design an online algorithm to minimize f“°*!(p). However, notice that f™***' depends on the
unknown vector E. We also do not have access to an unbiased estimate or an unbiased gradient

estimate of the function f™*' due to its definition in (7). Hence, the work on online-convex
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optimization where partial information on the underlying reward functions are revealed, such
as online-convex optimization with multi-point bandit feedback, and the approaches based on
stochastic gradient descent are also not applicable. Our problem is more similar to the work
of [6] on zero-sum matrix games with bandit feedback. However, the above work considers a
two-player scenario where both players receive the actions and the rewards of themselves and
the opponent as feedback.

Our game model has been studied for the offline non-stochastic case with full information on
E under the more general framework of resource-sharing games [11], also known as congestion
games. In these games, the per-player reward of a resource is a general function of the number
of players selecting the resource. Also, an action for a player is a subset of the resources,
where the allowed subsets make up the player’s action space. Resource-sharing games have
also been extended to various stochastic settings [[12]], [13]. Problems similar to our work have
been studied in the context of adversarial resource-sharing games. The work of [[14] considers an
adversarial resource-sharing game where each player chooses a single resource from a collection
of resources, after which an adversary chooses the resource chosen by the maximum number
of players. Also, non-atomic congestion games with malicious players have been considered
through the work of [[135]]. The above works assume that E is known to all the players.

We have simplified the general resource-sharing game model described above in two ways.
First, we assume a fair-reward allocation model, where we have assumed the existence of a
reward for each resource, which is divided equally between the players selecting it. Second, we
have assumed simple action spaces for players by allowing each player to select an arbitrary
subset of 7 resources. Resource-sharing games with special per-player reward definitions have
been considered in the literature. One such notable case is when the per-player reward of a
resource is nondecreasing in the number of players selecting the resource. These games are
called cost-sharing games [16]. The particular case when the total cost of a resource is divided
equally among the players choosing it is called fair cost-sharing games. In such a model, a
player would prefer to select resources selected by many players. In the fair reward allocation
model considered in our work, players have the opposite incentive to select resources selected
by a small number of players.

One application of our model is multiple access control (MAC) in communication systems,

where multiple users access communication channels, and the data rate of a channel is shared
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amongst the users who select it [17], [18], [19]. Here, a channel can be shared using Time
Division Multiple Access (TDMA) or Frequency Division Multiple Access (FDMA), where in
TDMA, the channel is time-shared among the users [20], [21]], whereas in FDMA, the channel
is frequency-shared among the users [22]. In both cases, the total data rate supported by the
channel can be considered the reward of the channel. Here, limiting the number of channels
accessed by a single user in a given time slot is desirable. Additionally, the channel data rate
should be shared among the users accessing the channel.

The worst-case expected reward is an important objective different from Nash-equilibrium [23],
[24]] and correlated equilibrium [25], [26], [27]. The problem of finding an approximate Nash
equilibrium of a congestion game with bandit feedback has been considered [28]. However,
implementing the algorithms by [28] requires cooperation among players. In contrast, the worst-
case approach requires no cooperation among the players. Additionally, player 1 does not have to
make assumptions about other players’ strategies. Hence, understanding the worst-case expected
reward is important even when the other players are not necessarily playing to hurt player 1.
However, in practice, some players play just to hurt others. One particular example arises in
military communications. Consider a multiple access communication system used in a military
setting (for instance, consider the TDMA scheme considered in [21]], which has a similar structure
to our model). Here, some users may transmit to disrupt the communication capabilities of other
users. Our formulation is applicable even when the other users cooperate to reduce the data rate
of a single player. Another motivation for the worst-case objective of this paper is to quantify
the degree of punishment that can be inflicted on a particular user. This value is useful, for
example, in repeated game algorithms that design punishment modes into the strategy space in

order to discourage deviant behavior [29]], [27].

D. Background on Resource-Sharing Games

The resource-sharing game was first studied by [11]. These games, also called congestion
games, fall under the general category of potential games [30]. In potential games, the effect of
any player changing policies is captured by the change of a global potential function. Various
extensions to the classical resource sharing game introduced by [[11] have been studied in the
literature [31]]. Some such extensions are stochastic resource-sharing games [12], [13], weighted

resource-sharing games [32], games with player-dependent reward allocation [33], games with
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resources having preferences over players [34], and singleton games, where each player is only
allowed to choose a single resource [33], [36].

Also similar to resource-sharing games are resource allocation games [37], [38]. In these
games, a resource must be fairly divided among claimants claiming a certain portion. There is also
work combining resource-sharing games with bandits and strategic experimentation. The work
of [39] considers a two-player game where players continually choose between their private risky
arm and a shared safe arm. Only one player can activate the safe arm at any given time, which
guarantees a payoff. This congestion effect on the safe arm gives rise to strategic consideration
among the players. These works are based on the model of multi-agent, multi-armed bandit
problems introduced by [40]. Here, multiple players are faced with the same multi-armed bandit
problem. In contrast to the classic single-agent setting, players can learn from other players’
feedback, resulting in some players being able to free-ride on other players’ experiments. This
phenomena induces strategic experimentation.

Resource-sharing games have applications in multiple-access [17], [41], [42], network selec-
tion [43]], network design [44]], spectrum sharing [435]], resource sharing in wireless networks [46],
load balancing networks [47], radio access selection [48], service chains [49], and congestion

control [50]]

E. Contributions

We study the problem of maximizing the worst-case time average expected reward of online
resource-sharing games with a fair-reward allocation model in the presence of bandit feedback
on the mean rewards of the resources. We assume a model where in each time slot, each player
is allowed to choose any r element subset of the n available resources, and the reward of a
resource is shared among the users selecting it. We propose a novel algorithm combining the
upper confidence bound technique with Madow’s sampling technique and Euclidean projection
onto the (n, r)-hypersimplex, to maximize the worst-case time average expected reward of player
1. In particular, in each time slot of the algorithm, we find p(¢) in the (n,r)-hypersimplex, after
which we sample the 7 resources for player 1 using Madow’s sampling technique. The algorithm
gets within O(log(T")/v/T) of optimality in a finite time-horizon of T time slots. The parameters
of the algorithm do not depend on 7'. Hence, the above guarantee can be achieved even if the

time horizon T is unknown.
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F. Notation

We use calligraphic letters to denote sets. Vectors and matrices are denoted in boldface char-
acters. For integers n and m, we denote by [n : m] the set of integers between n and m inclusive.
Also, we use N = {1,2,3,...} to denote the set of positive integers and Ny = {0,1,2,...} to

denote the set of non-negative integers.

II. BANDIT ALGORITHM

Now, we move on to the algorithm and analysis. Before introducing the algorithm, we begin
with a few definitions and some preliminary results that are useful.

Our algorithm, provided in Algorithm [l| below, uses the first n time slots as an initial
exploration phase that obtains at least one sample of the reward of each of the n resources.
The main part of the algorithm starts in time slot n + 1.

Forall t € {n+1,n+2,...} and k € [1 : n| define nk(t) as the number of times player 1
chooses resource k before time slot ¢. Formally, 7, (t) = S2°_} Likea, (r)]> Where A;(t) denotes
the set of resources chosen by player 1 during time-slot ¢. Notice that due to initial exploration
phase of Algorithm (I, we have that ny(t) > 1 forall k € [1:n]andt € {n+1,n+2,...}.
Foreacht € {n+1,n+2,...} and k € [1 : n], define

_ R

Eult) = 5 ; Liney () Wi(7)- (15)
Fix §; € (0,1) foreach t € {n+1,n+2,...} such that 6; > 6, forallt € {n+1,n+2,...}.
Foreacht € {n+1,n+2,...} and k € [1 : n], define

B B 2log nk(t)(";l:(t)"'l) .
Also, define the functions f; : R" x Nj - R fort € {n+1,n+2,...} as
& Ek(t)pk
= . 17
flp.@) = > 5 (17)

k=1

Before moving on to the main result, we introduce the following well-known lemma.
Lemma 1: Given a sequence {X;}°, of independent zero-mean 1-sub Gaussian random

variables, a positive integer-valued random variable G (possibly dependent on the sequence
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{X:}2,) and € € (0,1), we have

21og G(G-H) 2log (G+1)
— (<P ZX <\ g ¢ <e (18)

Proof: This result is given as an exercise in the book [5]. We include the proof for

| =
M-
P

completeness. Define X (t) = 137! _| X, for each ¢ € N. Notice that,

B 21 G+1 3 21 g(g+1)
PX(G>2\/Og— ZP X(g) > OgT,ng

( 2log 7‘9(9:_1) )2
o) B 210g g+1) 00 B g
<(a) ZP X(g) 2\ ———— ¢ < 26 2/
g=1 g g=1
- € = (e €
= — = - — =¢ (19)
;g(g+1) ;(g g+1>

where (a) follows since for any two events A, B, P(A, B) < P(A), and (b) follows since X (g)
is 1/,/g-sub-Gaussian. The other inequality follows from a similar argument. [ ]
Fix t € {n+1,n+2,...} and k € [1 : n]. For each s € [1 : n,(t)], define Wj(s) as the
reward obtained when the resource £ is chosen for the s-th time by player 1. Hence, notice that
Ey(t) = 75 S Wis).

Notice that from assumption A2, the collection {W},(s)— Ek}"’“ is a collection of independent

1-sub Gaussian random variables. Applying Lemma (c) to the sequence { W (t)— Ek}?:’“lt) with

G = ng(t) and € = §;, we have

Pl S e - B > \/ R (20)
ny(t) = - nk(t) T
and
n(t) ”k(t)(”k( )+1)
n:(t) > 074(s) ~ ) < —\/ 2o i <4, 1)
The above two inequalities translate to,
P{E > Bu(t)} <4, (22)
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and

R 210g nk(t)(%k(t)‘i‘l)
P E,. < EL(t)—2 ¢ < 0. 23
e < Ei(t) ) < 0 (23)

forallt € {n+1,n+2,...} and k € [1 : n], where Ej(t) is defined in (T6).
Now consider the collection {G,,+1,Gy49,. ..} of events that shall be called “good” events:

Fort € {n+1,n+2,...} the “good” event G; is defined by the inequalities
By < Ex(1), (24)

and

) 2 log MO+
By > By(t) -2 : 25
o> Eilt) D 25)

for k € [1 : n]. Specifically, G; is defined as the event that (24) and (23) hold for all k£ € [1 : n].
Combining (23)) and (22) with the union bound, we have that

P{G?} < 2nd;. (26)
Recall that
p* € arg max [ (p), 27)
pEAn,r

where the function fV°™ is defined in (7). Let

* i * 28
T Earginelgf(p,a:), (28)

where the function f is defined in (5). Hence, we have that

fWOl'St,* — f(p*’ w*)7 (29)

where fV°"* is defined in (10). Before moving on to the Algorithm and the main theorem, we
first prove the following lemma.
Lemma 2: Fix t € {n+ 1,n+2,...}. Assume that the “good” event G is true. Then we
have that
(@) fi(p*,x) > f(p*,x*) for every € J, where f; is defined in (I7)), p* is defined in (27)
and x* is defined in (28).
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(b) Define

t(t+1)

D, =C+24/2log 5
t

(30)
where

C = max FEj. (31
ke(lin)

We have that ||V, f;(p, z)||?< nD} for every p € A, and ¢ € J.
Proof: We prove the two parts separately.
(a) We have that

"\ Ey(t)p; —~ Ewp}
* = R > — = *x) > axt), 32
et @) =3 T 2w 2T =W 2 ) (32)
where (a) follows since we are in the “good” event G; (so (24) holds) and the last inequality
follows from the definition of x* in (28).

(b) First, notice that when we are in the event G;, we have from (25)) that,

_ \/21og%’;(”+” t(t+1)

Eu(t) < B, +2 < C +24/21
k( ) kT nk(t) =(a) + 0g o

for all £ € [1 : n], where (a) follows since E;, < C by definition of C' in (3I), and
1 <ng(t)<tforte{n+1,n+2,...} by definition of ng(t). Hence,
n EQ(t) n B
v =N R <N EX(t) < D2 34
H Pft(p7 CU)H kz; (1 +xk)2 = £ k( ) > nbj 34

= Dy, (33)

]
We summarize our approach in Algorithm (I} The algorithm relies on three key steps.

First, we assume that given p € A,, ., we can sample a set A C [1 : n] such that | A| = r, and
E{ligca} = px forall k € [1 : n]. This can be solved using the Madow’s sampling technique ([1]]).
In Appendix |B| we provide the algorithm for completeness. The correctness of the algorithm is
established in [[1]].

Second, we assume we have an oracle that can compute a solution y € argminges > ., ffZZ’

where F; > 0 for all i € [1: n], and p = [p1,p2,...,pn] € A, This problem is nonconvex
due to the fact that 7 is a discrete set. Nevertheless, the problems of above type can be solved

explicitly (we describe a simple method in Appendix [A]).

June 2023 DRAFT



13

Finally, we assume that given & € R, we can find the projection Il (z) of « onto A, ,.
An algorithm for this task is given in Appendix [ along with the analysis.
For our algorithm, we also require step size parameters f3; for t € {n+1,n+2,...} satisfying

By > Py forallt € {n+1,n+2,...}.

Algorithm 1: UCB based algorithm for worst-case maximization

1 for each time slot t € [1 : n| do

2 | Set A(t) to be an arbitrary action set with A;(¢) C [1 : n] satisfying |.A;(¢)| = r and
te Ai(t).

3 Receive feedback {Wy.(t);1 <k <mn,k € A (t)}.

4 end

5 Initialize p(n + 1) € A,,,.

6 for each time slott € {n+1,n+2,...,} do

7 Sample an action set A;(¢) C [1 : n] using the Madow’s sampling technique such

that | A;(t)| = r, and pi(t) = E{Ljeca,y|p(t)} for each k € [1 : n]. In particular,

given p(t), we sample the above action set independent of the past H(t) (see

Appendix [B| for the implementation).

8 | Receive feedback {Wy(t);1 <k <n,k € Ai(t)}.

9 Find E,(t), and Ej(t) for each k € [1 : n] using and (L6), respectively.

10 Find «(t) by solving,

x(t) € arg min f; (p(t), z) (35)

S

using Algorithm where f; is defined in (17).
11 Obtain p(t + 1) by using,

p(t+1) =a,, (p(t) + AV fi(p(t), (1)), (36)

where 11, , (y) denotes the projection of y onto A, , (See Appendix {4 for an

algorithm) and [, is the step size parameter.
12 end
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A. Analysis of the Algorithm
In this section, we focus on establishing performance of Algorithm
Theorem I1: Fix T € {n+2,n+3,...}.
(a) Running the UCB based worst-case maximization algorithm in Algorithm [I] for 7" time
slots with 5, > 0 such that 5, > f,41 and §; € (0,1) such that §; > 9, for all t €

{n+1,n+2,...} yields

T T(T+1)
n nrC n nD2 Zt:n—l—l By N 4\/2717“ log =5

WOrSt,* _ worst <
/ BT < 207T * T 2T T
1 & n
+ = 2rC + —) noy, 37
T t;rl ( P t

where RV°"™'(T) is the time-average worst case expected reward achieved by the algorithm
(See (8)), C is defined in (31, and Dy is defined in (30). Notice that the algorithm does
not require the knowledge of 7. Hence, the algorithm can be implemented in a setting
where the time horizon is unknown.

(b) Running the UCB based worst-case maximization algorithm for 7" time slots with §; =

O(1/t) and B, = ©(1/y/t) for all t € {n +1,n +2,...}, we have that

fworst,* _ Rworst(T) S @ (10%>> . (38)

Proof: We will first prove part-(a).
(a) Fix any t € {n+ 1,...,T} and assume the “good” event (G; holds. Lemma [2| implies
IV fi(p(t), z(t)|*?< nD} < nD3, where the first inequality follows from Lemma [2}(b) and
the second inequality follows since D; < Dy for all t € {n+ 1,...,T} (see the definition of
Dy in (30) and use the fact that 6; > dr for all t € {n+1,...,T}). Also, we have

ft(p*,w<t)) Z f(p*,ili*) — fworst,*’ (39)

where x(t) is defined in (33), f; is defined in (I7), the first inequality follows from Lemma [2}-(a)
and the last equality follows from (29). Define &(t) € arg mingc 7 f(p(t), ). Thus

f(p(t), &(t)) = f*™(p(t)) (40)
by the definition of f"**' in (7). Due to the definition of x(t) in (35]), we have

fe(p(t),2(t) < fu(p(t), Z(1)). 41
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Also, notice that

A1), #(1) = éﬁﬁﬂzj}&%z+§j@@—mmm

IN
o
~
£
=)
™
—~~
=
+

n(t)

T+1)

3

. 210g
< 0 f‘WOTbt(p(t)) + 2 pk(t) T(t)
k=1

where (a) follows from the definition of f; in (I7); (b) follows from @0); (c) follows since

(42)

we assume the “good” event Gi; holds (hence, the inequality (23)) is true); (d) follows since
ng(t) <T, 6 > 67 forall t € {n+1,...,T}, and Zx(t) > 0 for all k£ € [1 : n]. Since p(t + 1)
is defined in (36) as the projection of p(t) + 5:V, fi(p(t), z(t)) onto the convex set A, ,, we
have that,

Ip(t +1) = P|” <) p(t) + BiVyp fi(p(), 2(t)) — p*|°

< ) = "I + B IVp fe(p(t), 2(t) I[P =26:(p" — p(t)) ' Vp filp(t), 2(t))
=) Ip(t) = "> + B [V fi(p(t), (1)) |*=26:(fo(p™, 2(t)) — fi(p(t), (1))
<( |p(t) = P*[I* +nBE DT — 26, ™" + 28 fi(p(t), (1))

n T(T+1)

< Ip(t) = P12 + n2D3 + 45,3 pult)
k=1

_ QBthOFSt,* + Qﬁtfworst<p(t)) (43)

where (a) follows since projection onto the convex set A,, . reduces the distance to any point in

2log
”k(t)

the set, (b) follows from the subgradient equality for the linear function f,(-, z(¢)), (c) follows
from (39) and @I), and (d) follows from (#42)).
Hence, we have that for all t € {n + 1,...,T}, given that the “good” event G, is true

WOrst, x wors 1 * 1 *
2O — 2NN (p(t)) — EHp(t) —p*[]*+ EHp(t +1) - p*|?
T(T+1)

(t)

2log

< nf D7 +4Z pi(t (44)
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Notice that

Pre(t) =@ E{ ke, )P(t)} =) E{Ljrea, @lp(t), H(t)}
=) E{Qpen, @ [H (D)}, (45)

where (a) follows due to the sampling of the set .4;(¢) in line 7 of Algorithm |1} (b) follows
because the action set .4, (¢) is sampled independent of the history #(¢) given p(t) (see line 7
of Algorithm [I)), and (c) follows since p(t) is H(t)-measurable.

Now we take the expectation (Conditioned on the event G;) of both sides of (@4)) which gives,

)

E {2f“’°m’* — 2" (p(t)) — %Hp(t) —p*|I° + él!p(t +1) —p|?

T11)

210g
< npD7 +4E Zpk W Gy
< D2 2log 75— T+1)
nﬁt T + = ]P){Gt Zpk W
4 2 lOg (T-‘rl)
D? E{1 H —_—
nﬁt T + ]P{Gt Z { kE.A1(t)]| ( )} nk(t)
4 n 92 log T(T+1)
D? ELE 1 — T \H(¢
by nB Dy + PG} kz:; (k€A (£)] nk(t) H(1)
4 2log (TH)
_ 2
= nfBD> + IP’{Gt}E E Hgm ) ) H(t)
4 2 log T(T“)
_ 2
=nfDf + 5 ; Gt}E > (46)

jyeA(t)
where (a) follows from (43)) and (b) follows since ny(t) is H(¢)-measurable. Hence, we have

that fort € {n+1,...,T}
, , 1 1
E {20 = 2" (p(1))|Gi} < 5, Elip(®) = PI%IG} - 5, Ellp(t+1) = P'I*IG}

4 2 log (TH)
D34 ——F . 47
RS T IP I w
J:j
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Now, notice that
E{[p(t + 1) — p*|I’|GIP{G:} = E{llp(t + 1) — p*|*} — E{[lp(t + 1) — p*|*|G;}P{G}}
> E{|lp(t +1) - p*[|} — nP{G}}, (48)

where the last inequality follows from ||p(t + 1) — p*||* < n (since p(t + 1), p* € A, ). Next,

notice that

WOorst, x - p*Ek - *
[ot= D T <2 mO =10 (49)
k=1 =1

where the first equality follows from (29), the inequality follows from the definition of C' in
(31) and the fact that z;; > 0 for all k£ € [1 : n], and the last equality follows since p* € A,, .
(see (27))). Hence,

E {2/ =2 (p(1)|G} < 2/ < 2rC, (50)
where the last inequality follows from (49)). Notice that,
E{2/* — 2" (p(1))}
= B2 — 2" (p(1)) |G PGy} + B2 — 27 (p(1)) G5} P{G}

1
<@ 7E{lp®t) - p’IIPIGIP{G:} — éE{Hp(t +1) = p*|P|G}P{Ge} + nB DIP{G:}

By
21lo (TH)
+4E Z g + 2rCP{CY)
JijeAL(t
* n C
<) 3, E{Hp( ) — P} - —E{Hp(t+1) p*l?} + _tIP{Gt}+nBtDZQF
210 T(T+1)
+ 4R Z g + 2rCP{G¢}
JjeAL(t
1
<(9) EE{HP() p*l*} - —E{Hp(Hl) p*l*} + nBiDF
210 T<T+1)
+4E Z g +2 <2rc+ﬁ) nd, (51)
By
JiyeAL(t

where (a) follows from and (50), (b) follows since E{X|Y }P{Y} < E{X} for a positive
valued random variable X and (#§)), and (c) follows from (26). Now, we sum (5I)) for ¢ €
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{n+1,...,T} to get

]E{ ( fworst _9 Z fworst

t=n+1

%,_/

E{llp(n +1) — p*|*} [ } oy E{llp(T+1) —p*|?}
< + E{||p(t) — p*||*} —
B t;z B~ By EIPO =PI B
T T 210g T(T+1
+nD%Zﬁt+4ZE Z —i—Z <2rC—|— )ndt
t=n+1 t=n+1 JeAL(t t=n+1 P
T T 210g T+1)
+Z { }+nD;Zﬁt+4Z]E Z
’B"H t=n+2 B B t=n+1 t=nt+1 | jijeAit
+ Z <2T0+ )n&
t=n-+1 B
210g T+1) r
=—+nD Zﬁt+4ZE Z +Z (2rC+ )nét (52)
t=n+1 t=n+1 JieAr(t) ) t=n+1 By

where (a) follows since 1/8; —1/8;1 >0 forall t € {n+2,...,T} and ||p(t) — p*||* < n for
allt € {n+1,...,T} (since p(t), p* € A,,). Now, notice that

T . 210g T(T+1) T 210g T(T+1)
t=;1 jzjgt;(t) 3 (t) i ;ktkéé%)
Z Z) 2 log KLY T+1) & n ng(T) 2log LI+ T(T+1)
k=1 j=n;(n+1) - k=1 j=1 J

z T(T+1) T(T +1)
<( 2E oy (T) log ——— X <o [oplog 22
<(a) ; ni(T) log 5 <) \/n 08—~

T(T+1
<() 2\/2an log %, (53)

where (a) follows from Y2/, /7 < 2V, (b) follows since 1, /ni(T) < /0>y, ni(T),
and (c) follows since » ;_, n(T) = r(T — 1) < rT. Substituting above in (52)), we have that

E {2@ —pprets —2 37 fw"r“(p(t))}

t=n+1
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T
< E + nD2 Z B + 8\/2an log ——= —i— Z <2r0 + ) noy (54)

t=n+1 t=n+1
For t € [1 : n], define p(t) as pr(t) = Ljkea, ). This definition is consistent with the
definition of p(t) for t € {n+1,...}, since A;(t) is deterministic for ¢ € [1 : n] (see lines 1-4
of Algorithm [I)). Hence,

E {2nfworst,* —9 Z fworst(p(t))} < 2nfworst,* < 27,”,0’ (55)

t=1
where the last inequality follows from (@9). Adding and (53)), and dividing by 27, we have
that

=28, T T 2T

2nrlog T+1) 1 &
+ 4\/# + T Z (27"0 + ﬁﬁ) nos. (56)
t

t=n+1

T
E {fworst,* _ Z fworst } n + nrC + nD% Zt:n-‘rl 5t

Using the definition of R"*™(T") defined in (8) in the above, we are done.
(b) To prove the (b), consider §; = O(1/t) and 8; = O(1/\/t) forall t € {n+1,n+2,...}. We

analyze each term in the right hand side of the bound obtained in part-(a). Notice that 26% is
onrlog L+
O(1/VT), =< is ©(1/T), and gT is ©(y/log(T")/T). We will analyze the remaining
two terms separately. For simplicity, we will use d, = 1/t and 3, = 1/+/%. First,
nD% Z;ﬁ +1 B d 1
=nt1 2 C+2y/210g (T +1)) —
5T (2T<+\/0g(+)2\/¥
t=n+1
n 2 log(T)
< —((J+2 210 T2T+1) :@( , 57
Chviy V2log T*(T + 1) 7T (57)

where (a) follows from the definition of D7 in (30) and for (b) we have used 22:1 1/ VE < 2v1.
Next,

T T T
1 ( 1 2rnC n? 1 2rnC + n?
L3 (e ) by (Y Ly (e
T t=n+1 By T t=n+1 t Vi TS Vi
4rnC + 2n? ( 1 )
<g) ———————=06(— |, 58
<(a) T Nia (58)
where for (a) we have used 22:1 1/ vk < 2v/1. Combining the terms, we are done. [ ]

June 2023 DRAFT



20

ITI. FINDING fYORT* WITH KNOWN E

If E is known, given p € A, ,, the problem of finding f¥**'(p) has been well studied in the
literature. In particular, we can find «* € arg mingc s f(p, ). In Appendix [Al we provide the
algorithm for completeness. Hence, we can use standard min-max optimization techniques such
as min-oracle algorithm [51]] to find f¥°*"* and p*. Also, since 7 is a finite set, and the function
f is concave in the first argument, from the Danskin’s theorem [52], we can easily calculate a

subgradient of f¥*'at p € A, , as

Vo "™ (p) = Vp f(p, x7), (59)

where «* € argminges f(p, ). Hence, we can also use standard subgradient descent with
Euclidean projections onto A,, . (see Algorithm 4| to project onto A,, ) to find f¥o"*.

The work of [53] finds fV*"* and p* explicitly for the case m = 2, = 1. We discuss the
solution of this case in Section In Section we extend this to the case m = 3,r = 1.
These explicit solutions provide a fast way to find fV°""* and provide insight into the structure
of optimal p*. We also, provide a partial solution for the case m = 2 with general n,r in
Section In this section, we assume, without loss of generality, that £/, > Oforall1 < k£ <n
since otherwise, we can transform the problem into a lower dimensional version. Without loss
of generality, we also assume that F;, > Fy,; for 1 < k < n — 1. Before moving on to the
cases, we state the well-known Lagrange multiplier lemma, which will be useful in constructing
the solution for both cases. We first state a lemma that is useful for the proof.

Lemma 3: Consider the following constrained optimization problem,
max 2o()
st.  z(x)>0 forie {1,2,...,k}, (60)
xec),

where z; : R” — R for i € {0,1,2,...,k}, and )Y C R™. Consider the following unconstrained

problem for some g > 0.

k
max zo(x)+ Y pizi(x)
z Zl (61)

st. xe).

Let «* be a solution to the unconstrained problem. Assume x* satisfies for all i € {1,2,...,k},
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(a) z;(x*) > 0 (That is «* is feasible for the constrained problem)
(b) ;i > 0 implies z;(x*) = 0.
Then x* is optimal for the constrained problem.

Proof: The proof of the lemma is immediate and omitted for brevity. [ ]

A r=1m=2

For this section, we use the notation A,, for A,, ;. This is solved in [54]]. The solution is given

by, p* where,
+ if £ <w,
pi={ BT %) (62)
0 otherwise,
and,
-1
v = arg max ——=>—, (63)

See [54] for the proof.

Notice that 7 is the set of standard unit vectors. Assume player 1 follows the worst-case
policy given by p* in (62). It can be shown that «* given by 2z} = 1 and 2} = 0 for all
i € [2:n| satisfies &* € arg minge 7 f(p*, «). Lemma [ shows the * is also the best response
of Player 2 for Player 1. Hence, player 2 has no incentive to deviate from the policy x*, given
that player 1 uses p*. Notice that this may not be a Nash equilibrium since p* may not be the
best response of player 1 to *. However, this property incentivizes player 2 to use x* as the
strategy, even if they do not care about hurting player 1. For general m, r, given that player 1
is using strategy p*, the above raises the question of whether the strategies of players [2 : m]
that gives the worst-case to p* are also the best responses to the other players. It turns out this
is not true in general. Particularly, when m > 2, players [2 : m| will focus on increasing the
congestion of resources with high mean rewards to reduce the expected reward of player 1. In
such a scenario, a player in [2 : m| may increase their reward by switching to a resource with
a less mean reward and less congestion. However, there are special cases in which the above
property is true even when m > 2. One such example is discussed in the case m = 3,r = 1.

Lemma 4: Consider the special case m = 2,7 = 1 with n € N satisfying n > 2. Without loss

of generality, assume that E satisfies Fj, > Ejq for all k € [1: n—1]. Let p* € A,, denote the
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worst-case strategy of player 1 defined in (62). Then x* defined by,

1 ifi=1
x = (64)

0  otherwise.
satisfies «* € argmingc s f(p*, ). Hence, given that player 1 uses strategy p*, player 2 can
use x* to enforce the worst-case for player 1. Additionally the strategy profile (p*,x*) has
the property that player 2 cannot increase their reward by unilaterally switching to a different
strategy q € A,,.

Proof: Define C = ——, where v is defined in (63). It can be easily shown that the

i=1 T
worst-case for player 1 occurs when player 2 chooses resource 1 with probability 1 (player 2 uses

strategy x*). The expected reward of player 2 under this profile is “ IEI +(1-p)HE,=E1—%
Consider the scenario where player 2 switches to a different policy g € A,,. Under the proﬁle

(p*, @), the expected reward of player 2 is

Mmzji%C%%+u—m > Z:%

7j=1 J=v+1

= iq]‘ Ej — g + i (]jEj. (65)
, 2 .
Jj=1 Jj=v+1

We establish that h(q) < h(x*) for all g € A,,.
Throughout the proof, let us call the property Ey > Ejyq for k € [1 : n — 1] to be the

nondecreasing property. We consider two cases. First, if v = n, notice that

Sulo ) Euln O (n Y w

where the 1nequahty follows from the nondecreasmg property.

Hence, we are done. Now, consider the case v < n. Hence, from the definition of v in (63),

-1 L .. . . .
we have — 2 > fff —. This inequality simplifies to
Zkzl Fk Zk:1 Tk

@_%)>§51 > (67)
By 7 = B E1
where the last inequality follows from the nondecreasing property. We also have
1 E
C=—— <= (68)

21 Tn
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where the inequality follows from the nondecreasing property. Hence,

qu (E _ ) S o < (m) (El——) (Z q]>

Jj=v+1 Jj=v+1

_ (Zq;) <E1 - 9) + (j;lqj) (EM §+ g)
<Z qj> (E ) <Z %) (M -5 f—) = h(a"),

where (a) follows due to (67) and (68). u

B r=1m=3

This section finds p* for the case m = 3,r = 1 where n is a positive integer and E =

[Ey, ..., E,] is known. Define

* . worst
p* € arg min 7 (p), (69)
worst _ :
[ (p) = min f(p,x), (70)
and
E
Z PrLig 1)
e + l’k

Notice that in this case we have

J = {zc € {0,1,2}"

j=1

We will use the notation A,, for A, ;. We first focus on solving the problem min,c s f(p, x)
for given p € A,,.

Lemma 5: Consider the special case m = 3,r = 1 with n € N satisfying n > 2, and a fixed
p € A,. Let a = argmax<;<, F;p;, and b = argmax<;<y i+, F;p;, where we assume that
arg max returns the least index in the case of ties. Define the two vectors ', % € J, where

2 ifk=a,

T, = (73)
0 otherwise,
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and

oo 1 if k € {a,b}, a4
0  otherwise.
Then x* € argmingc 7 f(p,x) can be given in two cases.
Case 1: E,p, > 3Eyp,: We have z* = .
Case 2: E,p, < 3Eyp,: We have x* = 2.

Proof: Since x* € J, we know x* has nonnegative components that sum to 2. If =* has
only one nonzero component at some index k € {1,...,n}, then } = 2 and f is minimized by
choosing k = a, so assignment holds.

Else, «* has exactly two nonzero components at indices k,j € {1,2,...,n} (k # j) and f is

minimized by choosing k = a and j = b, so assignment holds. It remains to compare

and (74).
Under (73):
~ pak, < 2p.E,
flp.x) = 3 + By + Z Pl = ZpkEk R (75)
kg {a,b} k=1
Under (74):
- paEa prb o z paEa prb
flp,x) = 5 + 7 + k;b}pkEk = ;pkEk —Y5 T 5 (76)

Comparing the two cases, we have that for assignment (73)), we require E,p, > 3FE}p, and for
assignment (74)), we require E,p, < 3E,p,. Hence, we are done. [ |
Now state the solution of m = 3,7 = 1 as a Theorem, after which we move on to the proof.

Theorem 2: Consider the special case m = 3,7 = 1 with n € N satisfying n > 2. Without
loss of generality, assume that E satisfies Ej, > Fjq for all £ € [1 : n — 1]. Define the two
sequences (U;;1 <i<n)and (V;;2 < ¢ <n) according to

Ui= 5= (1)
EL + Zk:Z Er
and
1 —1

Vi e
Y1 B

(78)
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Let u = argmax;<i<, U;, and v = argmaxs<;<, V;, where arg max returns the least index in
the case of ties. Then, p* can be described under two cases.

Case 1: IfV, >U,,

D if1<k<w
pi=q (79)

0 otherwise.

Case 2: If U, >V,

3
S ifk=1
s S if k
1
Dy, —E%+Z}’=2E% if2<k<u (80)
0 otherwise.

\

Before moving on to the proof of the theorem, we discuss the result. It is interesting to note the
variation of choice probabilities in both cases of the theorem. In the first scenario, while choosing
a collection of resources with the highest mean rewards with nonzero probability is optimal, one
chooses resources with lower mean rewards with higher probability within the collection. In
particular, player 1 first chooses a set of resources [1 : v| to be chosen with nonzero probability.
Then player 1 assigns probability p} for k € [1 : v] such that the p; E), = C' for some constant
C. This behavior can be explained as follows. First, player 1 never chooses resources with mean
rewards below a certain threshold. Second, within the collection of resources with relatively
high mean rewards, player 1 is tempted to choose resources with lower mean rewards with
high probability since, in the worst case, opponents choose the rewards with the highest mean
rewards.

In Case 2, a similar behavior can be observed. Player 1 first chooses a set of resources [1 : u| to
be chosen with nonzero probability. However, now player 1 assigns probability pj for k € [1 : u
such that p;Fy = D for each k € [2 : u] and p{FE, = 3D for some constant D. In particular,
player 1 chooses the first resource with a higher probability. To see this clearly, consider the
two scenarios in Fig. [l where we consider two possibilities of E for n = 10 (Scenario 1
and Scenario 2). Fig. [I}Left denotes the plot of E for the two scenarios. Although in the two
scenarios, F is different only in £ by 0.1, Scenario 1 belongs to Case 1 of Theorem [2] whereas

Scenario 2 belongs to Case 2. Fig. [[fRight shows the higher choice probability of resource 1 in

June 2023 DRAFT



26

Scenario 2. Here, the mean reward of the first resource is high enough to give a high per-player
reward even if many players select it. However, the mean reward is insufficient for player 1 to
choose it with probability 1.

Notice that in both scenarios, we have 1 € arg max;<;<, £;p;, and 2 € arg maxi<;<n i1 £ipj.
Also, since Scenario 1 belongs to Case 1 of Theorem @, we have pjE; < 3p3E,. Hence, from
Lemma [5] we have =* € J given by zf = 1 if i € {1,2} and z} = 0 if i € [3 : n] satisfies
x* € argmingcs f(p*, ). Hence, the worst-case for player 1 occurs when player 2 always
chooses resource 1 and player 3 always chooses resource 2 (or vice versa). Using a similar
argument, one can establish that in Scenario 2, the worst-case for player 1 occurs when player
2 and player 3 always choose resource 1.

Assuming player 1 plays the strategy p*, (worst-case strategy) and the other two players play
the strategies that give the worst-case to p*, the expected reward vector of the three players
in Scenario 1 is (4.52,7.87,5.57). In the above strategy profile, the strategies of players 2 and
3 are the best responses for the other two players. In fact this property holds more generally
(m = 3,7 = 1, and the solution comes from Case 1 of Theorem [2) as proven in Lemma [6]
Hence, it makes sense for players 2 and 3 to play the above strategy even if they do not intend to
penalize player 1. However, in Scenario 2, the same vector is (4.54,3.79,3.79). Here, players 2
and 3 can improve their expected reward by unilaterally deviating. Hence, in this case, the only
motivation for players 2 and 3 to play the above strategy is to hurt player 1. Also, in Scenario
2, when all three players play the worst-case strategy p*, each can increase the expected reward
to 4.98.

Lemma 6: Consider the special case m = 3,r = 1 with n € N satisfying n > 2. Without
loss of generality, assume that E satisfies £} > FEjq for all £ € [1 : n — 1]. Consider the two
sequences (U;;1 < i <n)and (V;;2 <i < n), and the indices v, u defined in Theorem [2| and
assume V, > U,. Let p* € A,, denote the worst-case strategy of Player 1 defined in (79). Then
x?, 23 defined by,

1 ifi=1

x; = (81)
0  otherwise.
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Fig. 1. Left: The mean rewards of the resources, Right: Probabilities of choosing the resources

and

1 ifi=2
x; = (82)
0 otherwise.
satisfies x? + 3 € arg mingc 7 f(p*, x). Hence, given that Player 1 uses strategy p*, Players 2
and Players 3 can use decisions x? x> to enforce the worst-case for Player 1. Additionally the
strategy profile (p*, 2, *) has the following property. Players j € {2,3} cannot increase their
reward by unilaterally switching to a different strategy q € A,,.

Proof: The first part follows by applying Lemma [5] (recall that we assumed the solution
comes from case 2 of Theorem . We move on to the second part. Define C' = ZZ:;“E%, where
v is defined in Theorem [2] We first prove five claims that are useful in the solution.

Throughout the proof, let us call the property Ey > FEp.; for k € [1 : n — 1] to be the
nondecreasing property.
Claim 1: C <%

Proof: Notice that

SR S S
D i EL,C D E% v
where the inequality follows from the nondecreasing property. [ ]

Claim 2: Ifv <n, 200 >F,

C

(83)
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Proof: Notice that from the definition of v, we have that V,, > V,,.; which is,

v—1 v
> : (84)
v 1 v+1
Zk:l E; Zkil E%g
Simplifying this gives
vl 1w (85)
By — = By T Iy
where the last inequality follows from the nondecreasing property. [ ]
Claim 3: El(” 1) < B,
Proof: Notice that from the definition of v, we have that V,, > U, which is,,
v—1 v
- > ~ ) (86)
PR S~ DD
Simplifying this gives
-3 _ < —1
g @)
where the last inequality follows from the nondecreasing property. [ |
Claim 4: %ﬁ;?’) > Fyi1.
Proof: Notice that from the definition of v, we have that V,, > V,,,; which is,
—1
Y v (88)

v 1 = v+1 :
D k-1 B Zkil E%ﬁ
Simplifying this gives

v

v—1> 1> 1+v—1> 1 v—1+ ] (89)
—_— QE— /l)_
Eyir — — Ey, ()E1 E, =(®) Ey \2v—3

where (a) follows from the nondecreasing property, and (b) follows from Claim 3. Simplifying
the above ineqaulity, we have the result. [ ]
Claim 5: 22 > C.
Proof: Notice that
1 1 1 Ey
v T S v T S o 1 1
> k-1 By Py o Py B VT

where the last inequality follows from the nondecreasing property. [ ]

C:

(90)
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Now, we are ready to prove the result. First consider the scenario where the three players
use the strategy profile (p*, q, =3), where p*, x> are defined in the statement of the lemma and

q € A, Then the expected reward h*(q) of player 2 is

h*(q)
— 0 (1% L —pT)E1> + (pstz n (1 —§§)E2) n ;qk (PZQEk +(1 —pZ)Ek>
+ i QL
k=v+1
=q (El - %) + ¢ (% - %) + kz:;% (Ek - %) + kg;rl QB 91)

where the last equality follows from the definition of p* in (79). Notice that we require proving

h%*(q) < h*(x?) for all g € A,,. Due to the nondecreasing property, this reduces to proving

C cC _E, C
EI_EZEU—&-I)andEI_EZ?_E 92)
For the first inequality notice that,
O C El(v—l) O E1 O E1 C
Bop1=FEpi1 — — 4 =<y L 2y A g = g 2 93
i T Ty S T 2 T T T Ty ST ©3)

where (a) follows from Claim 1 and Claim 2. For the second inequality, notice that

E, C E, E;
4+ —-<@yw—=—+—<E 94
2+3_()2+32}_ 1 (94)

where (a) follows from the nondecreasing property and Claim 1. Rearranging above we have
the requirred inequality. Hence, we are done.

Now consider the scenario where the three players use the strategy profile (p*, z2, q), where
p*, x? are defined in the statement of the lemma and g € A,,. Then the expected reward h3(q)

of player 2 is

h(q)
E 1—pE ° *F -
=q <p13 1 51) 1) K <pk2 f4(1- Z)Ek) + Y wby
k=2 k=v+1
E, C ! C -
— -1z E, — — E
q1<2 6)+k§:;qk( k 2)+k§1qk s (95)
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where the last equality follows from the definition of p* in (79). Notice that we require proving
h3(q) < h*(x?) for all g € A,,. Due to the nondecreasing property, this reduces to proving

C C _F C
By =5 > By, and By — o > 25 — (96)

For the first inequality, notice that,
2v—3 E2 O

Ey —Eyiq1 > B2 — E, = > — 97
2 + Z(a) B2 o o B 2v—1)~ 2 o7

where (a) follows from Claim 4 and the last inequality follows from Claim 5.
For the second inequality, notice that,

2v—3 - E2
20—-2"7" 2w-—1

(98)

wlQ

E; C
Ey— = > By — >0 — >
27 5 2 )_(b)2_

where (a) follows from Claim 3 and (b) follows from Claim 5. Rearranging, we are done. Hence,
we are done with the proof. [ ]
Now, we prove Theorem [2] step by step. Recall that we assumed without loss of generality that
E is sorted as Ey > Ej for all kK € {1,2,...,n — 1}. Notice that from Lemma [5| we have,

o) — > ko1 PrEr — 3T1(p) if T'1(p) > 3Ta(p) 09

> heq DB — %Fl(p) - %Fz(m if T'1(p) < 3T (p)

where 'y (p), '2(p) are the largest and the second largest elements of the set {p;Ey; 1 < k < n},
respectively. Observe that if I'i(p) = 3T5(p), then 3I'1(p) = 31 (p) + 51 (p). In particular,
the function f“™!(p) is continuous and so it has a maximizer p* over the compact set A,,. By
considering the case I'y(p*) > 3I'2(p*) and a particular index i € {1,...,n} achieves piF; =
I'y(p*), and the case I'y(p*) < 3['y(p*) and particular indices i # j achieve p;F; = ['1(p*),
p;E; = [y2(p*), we notice that p* is the solution of the problem with the maximal optimal
objective out of the n? linear programs,

2pi B

3

(P1-i) : max ZpkEk—
k=1

100
s.t.  peA,, (100)

pilsi > 3pp B V1 < k <n,
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and
piLi _ piE;
2 2

(P1-(7,7)) : max ZpkEk —

k=1
101

st.  p €A, pili <3p;Ej, piki > piEj, (10D

where i,7 € [1 : n| and i # j. To solve (P1-i), and (P1-(4, 7)), it shall be useful to re-index to

associate ¢ with 1, and (7, j) with 1 and 2. Hence, we define the two problems.

g 2p1 Fy
P1-1): = Fr —
( ) © max fl(p) ;pk k 3
102
s.t. pEA,, (102)
piFy > 3pp Fepr VR €{1,...,n— 1},
and .
. _ Py pofh
(P1-2) : max fg(p)—l;kak— SRR
(103)

st. pe A, piFy <3paFy, prF1 > pokFy,

p2ls = prFy V3 < k <n,
where for (P1-1), without loss of generality F' € R is assumed to a positive vector such that
Fy, > Fyyq for k € [2: n— 1], and for (P1-2), F € R" is assumed to a positive vector such
that F), > Fj, for k € [3: n — 1]. It should be noted that the F}, values are just the Fj values
under more convenient indexing. Solving the above two problems immediately solves each of the
previously defined n? problems. Define the two sequences (U;;1 <4 < n), and (V;;2 <i < n)

by,

2
R B (104)
Bt ke
and,
1
V= (105)
Zk:l Fr

These two sequences are useful when constructing the solutions to (P1-1) and (P1-2).

June 2023 DRAFT



32

1) Solving (PI1-1): Consider the problem (P1-1):
(P1-1) : max fi(p)
s.t. pEAN,, (106)

piFy > 3pp1 Freyr VE € {1,2,...,n — 1},

where the function f; is defined by

2p1 Fy
filp) =Y _mFe — = (107)
k=1
Let us define
u = arg 121%); Ui, (108)

where the sequence (U;;1 < i < n) is defined in (I04) and arg max returns the least index in

the case of ties. We establish that the solution to (P1-1) is p*, where

( 3

L e
F%JFZ}‘:gF%. ifk=1
Pr=14 —2k —  if2<k<u (109)

3 [
I T2 Fj

0 otherwise,
\

with optimal objective value U,.

Consider the vector 1* € R"~! defined by

1 1 u . B
~ % 3 <1 Fri FilJrZ}l:z b}j) if 1< k <u 1

0 otherwise,

(110)

where u is defined in (I08]). In the subsequent analysis, we establish that " defined above is
a valid Lagrange multiplier (; > 0 for all k € [1 : n — 1]) and (p”, ") satisfy the conditions
of Lemma 3| where for k € [1 : n — 1], fi; corresponds to the constraint py Fy > 3pjy1Fpy1 of
(P1-1). This establishes that p* solves (P1-1). It can be easily checked by substitution that the
objective value of (P1-1) for p* is U,. Hence, the steps of the proof can be summarized as:

1) g >0forall ke[l:n—1].

2) p* is feasible for (P1-1). In particular, we have that p* € A, and p{Fy > 3p; ., Fj4y for

ke{l,...,n—1}.

June 2023 DRAFT



33

3) p* solves the unconstrained problem with Lagrange multiplier vector fi* (See Lemma
for the construction of the unconstrained problem).
4) For k € {1,...,n—1}, fif > 0 implies the corresponding constraint of (P1-1) is met with
equality.
Notice that step 2 above can be checked by direct substitution from (109). Also, for step 4, notice
that from the definition of " in (ITI0), f; > O implies that k € {1,...,u — 1}. By substitution
from the definition of p* in (109), it follows that piFy = 3p;, Fpqq for k€ {1,...,u — 1}.
Hence, we are only required to establish steps 1 and 3. We establish step 1 along with two
other results that will be useful for step 3 in Lemma [/| below, after which we establish step 3
in Lemma [8

Lemma 7: Consider the ii* defined in (110). We have that

(@) iy > 0 for all k£ such that 1 <k <n—1.

~ % u—1 ~x% . U
®) Fi(l =37 ) = g for2 <k <wand B (543005, /) = o5 1
- < k<
(c) F, < F1+Z§‘2F foru+1<k<n.

Proof: Notice that since u = arg max;<;<,, U;, we have that
U, >Uj forall j €[1:n]. (111)

(a) Notice that when k£ > w — 1, by definition of & in (I10), we have that ji; = 0. Now
suppose k& < u — 1. Hence, we can assume u > 2. From the definition of &* in (110), we
are required to prove,

u

Fry1 2 Tsw oL

Fr i=2 F

(112)

forall k € {1,2,...,u—1}. It is enough to prove the above for k = u—1, since Fy, > Fj14
for k£ > 2. Notice that from (111) we have that U, > U, _; (recall that u > 2). Substituting
from (104)), U, > U,_; translates to,

(113)

1 > u—1 1 °
+Z] 2 F; Fl"‘Zj:QF

Simplifying the above gives
(114)

as desired.
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(b) Substituting from the definition of £ in (110) and simplifying yields the result.

(c) If u = n, there is nothing to prove. Hence, we can assume u < n. Notice that it is enough
to prove the result for & = u + 1, since Fj, > Fj,, for k > 2. From (ITT)), we have that
Uy > U,y (recall that u < n). Substituting from (104), U, > U, translates to,

u u-+1
(115)
3 u 1 u+1
T ZJZQ Fy ;1 + ZF? F%
Simplifying the above we have
U
Fu+1 S 3 m 1 (116)
I + Zj:Q F;
as desired.
]

Lemma 8: The vector p* defined in (I09) solves unconstrained problem with Lagrange multi-
plier vector 1" defined in (IT0) (See Lemma 3|for the construction of the unconstrained problem).

In particular, p* solves

i
L

max  fi(p) + > jip(p1F1 — 3pri1Fiy1)
(117)

T
I

st. peA,,
where the function f; is defined in (107).
Proof: Noticing from the definition of &* in (II0) that g; = 0 for k£ > u, and using the

definition of function f; in (107), the objective of the above unconstrained problem simplifies

as
n—1
filp) + Z fir,(p1F1 — 3pri1 Fin)
k=1
1 n
=p1b <§ + Zu) + Zkak 1 =3 ,) + k;lkak
= szCJr Z i Fr, (118)
k=u+1
where
C= (119)
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and the last inequality follows from Lemma [7}(b). Also, notice that from Lemma [7}(c), we
have that C' > Fj, for all k € {u+1,...,n}. Hence, the optimal solution to the above defined
unconstrained problem is any p € A,, such that p, = 0 for all £ € {u+1,...,n}. In particular,
p* given in is a solution to the unconstrained problem. [ ]
2) Solving (P1-2): Consider the problem (P1-2).
(P1-2) : max fa(p)
st. pe Ay, piFL < 3paky, piF > ok, (120)

poFh > pipkFy V3 < k <mn,

where the function f, is defined as

_ . il paFo
fa(p) = ;kak -5 (121)
Let us define
u = arg 52%}; U, (122)
and
v = arg 212?5; Vi (123)

where the sequences (U;;1 < i < n), and (V;;2 < ¢ < n) are defined in (104)), and (103),
respectively, and arg max returns the least index in the case of ties. In this case, to define w,
we only consider the indices of the (U;;1 < i < n) sequence starting from 2 in contrast to
the definition of u in the solution to (P1-1). The solution of (P1-2) can be described under two
cases.

Case 1: V, > U,: The solution to (P1-2) in this case is p* where

1
qu if 1 <k<w
=1 F.
=L (124)

0 otherwise,

A

=3
> %

with optimal objective value V.

Case 2: V,, < U,: The solution to (P1-2) in this case is p* where

( 3

P e
£ SR if k=1
1
Dr=19 ——=t —  if2<k<u (125)

Bosu L
TP Y o

0 otherwise.
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with optimal objective value U,.

Similar to the the solution of (P1-1), for each case, we construct a Lagrange multiplier vector
such that the conditions of the Lemma (3| are satisfied. For the Lagrange multiplier vector p € R"
we associate p; with the constraint p, £} < 3po Fh, po with the constraint p; Fy > poFs, and
for k € {3,...,n} with the constraint p F > py Fy.. Now, we analyze the two cases separately.

Case 1: V, > U,: Recall that we are required to prove p* where

1
S if1<k<w
2i=17; (126)

0 otherwise,

> %

is the solution to (P1-2). Define the vector 4" € R™ as

1 _w-1 1 sep
2 Z;ﬂ% 5 if k=2,

Ak — o l v—1 .

fi, L= w5 T if 3<k<w, (127)
0 otherwise,

where v is defined in (I123)). Similar to the solution of (P1-1), we focus on establishing the four
steps:
1) ap >0 forall k€[l:n].
2) p" is feasible for (P1-2). In particular, we have that p* € A,, and 3psF, > piFy > psFo,
and p3Fy > piFy, for k€ {3,...,n}.
3) p” solves the unconstrained problem with Lagrange multiplier vector fi*.
4) For k € {1,...,n}, iy > 0 implies the corresponding constraint of (P1-2) is met with
equality.
Similar to the solution of (P1-1), step 2 can be checked by direct substitution from (126]). Also,
for step 4, notice that from the definition of 4" in (127), fij > 0 implies that k£ € {2,...,v}.
By substitution from the definition of p* in (126)), it follows that p; F}, = p5F» and psFy = p; F,
for k € {3,...,v}. We establish step 1 along with two other results that will be useful for step
3 in Lemma [9] Then we establish step 3 in Lemma [I0]
Lemma 9: Consider the fi* defined in (127). We have that
(a) i1y > 0 for all k£ such that 1 <k <n.

1 ~Ax\ v—1 1 ~ % ~Ax\ v—1 ~Ax\ v—1
(b) Fy(5+ /1) = Z]LIF%.’FQ (53— i +2i0) = T E and Fi(1—4;) = S for 3 <
k<.

J
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Fo< - forv+1<k<n
T

-1
J J

Proof: Notice that since v = arg maxs<i<, U;, and v = arg maxs<;<, V;, we have that

U, > U, forall j €[2:n], and V, >V, for all j € [2: n|. Since from the case description, we

have that V,, > U,, we should have that,

(a)

(b)

()

Vy, >V, forall j€[2:n]and V, > U; forall j € [2:n)] (128)

Notice that the result trivially follows for k& & {2,...,v} since /i = 0 for such k. Hence,
we focus on k € {2,...,v}. We first prove that /15 > 0. Notice that from (I28), we have
that V,, > U,. After substituting from (I04) and (105), V,, > U, translates to

v—1 v
> ) (129)
v 1 = v
Zj:l F; FL1 + ijz F%
Simplifying the above, we get,
-1 F
> (130)
L 2
jzl Fj

as desired.
To obtain the result for 3 < k& < v, we can assume that v > 3. Notice that we are required

to prove,

v—1
FkZT-
=1 F

It is enough to prove the above for k = v, since Fy > Fj; for k > 3. From (128) we

have that V,, > V,_; (recall that v > 3). Substituting from (T03)), V,, > V,_; translates to

(131)

v—1 v—2
= > = (132)
ST S
Simplifying the above, we get,
-1
v <F, (133)

L
as desired.
Substituting from the definition of fi; from (127) and simplifying yields the result.
If v = n, there is nothing to prove. Hence, we can assume v < n. Notice that it is enough
to prove the result for £ = v + 1, since Fy, > Fj4q for k& > 3. From (I128) we have that
V, > V41 (recall that v < n). Substituting from (105)), V,, > V,.; translates to

v—1 v
> . (134)
v 1 = v+1 1
21T 2ga T
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Simplifying the above, we get,

v—1

Foi1 < W
j=1F;

(135)

as desired.

]
Lemma 10: The vector p* defined in (126) solves unconstrained problem with Lagrange
multiplier vector 4* defined in (I127). In particular, p* solves
max  fo(p) + i1 (3p2Fo — p1F1) + fi5(p1Fy — paFh) + Z fii (P2 F> — pi L)
k=3 (136)
st. peA,,
where the function f, is defined in (121]).
Proof: Noticing from the definition of " in that /iy = 0 for £ > v, and using the
definition of function f, in (I21)), the objective of the unconstrained problem simplifies as

fo(p) + 07 (3p2Fy — p1F1) + 5 (pr Fy — pa ) + Zﬂ;;(pzf@ — prFy)
k=3

1 ~ % 1 ~ % . A~ % . ~ % -
=p b (5 +M2) + P2t (5 =l +;M> +> (=) + ) mky

k=3 k=v+1

=> pC+ > pF (137)
=1

k=v+1

where
v—1
S
i=1 F

and the last inequality follows from Lemma [9}(b). From Lemma 9}(c), we have that C' > Fj, for

C = (138)

all k € {v+1,...,n}. Hence, the optimal solution to the above defined unconstrained problem
is any p € A, such that p, =0 for all k£ € {v+1,...,n}. In particular, p* given in (I120) is a
solution to the unconstrained problem. [ ]

Case 2 U, > V,: Recall that, we are required to prove p* given by

( 3

P e
£ SR if k=1
1
Dr=19 ——=t —  if2<k<u (139)

Bosu L
TP Y o

0 otherwise.

June 2023 DRAFT



39

is the solution to (P1-2). Consider the vector i* € R" given by

(

1i_ 1 w i —
2 R+ if k=1,
— %
= 1-Lt—2 — if3<k<u (140)
/’Lk Fk Fil+2j=2%j — — bl
\ 0 otherwise.

where v is defined in (122). Similar to case 1, we focus on establishing the four steps:
1) pp >0 forall kell:n].
2) p* is feasible for (P1-2). In particular, we have that p* € A,, and 3piFy > piFy > psFy,
and p3Fy > piFy, for k € {3,...,n}.
3) p* solves the unconstrained problem with Lagrange multiplier vector fi*.
4) For k € {1,...,n}, gy > 0 implies the corresponding constraint of (P1-2) is met with
equality.
Similar to case 1, step 2 can be checked by direct substitution from (139). For step 4, notice
that from the definition of * in (I40), f; > O implies that either k =1 or k € {3,...,u}. By
substitution from the definition of p* in (139), it follows that pjF} = 3p5F5 and psFy = py [y
for k € {3,...,u}. Similar to case 1, we establish step 1 along with two other results that will
be useful for step 3 in Lemma [I1] after which we establish step 3 in Lemma [I2]
Lemma 11: For the i* defined in (140), we have that

(a) i1y > 0 for all k£ such that 1 <k <mn.

1 o u 1 — U —x w
(b) We haVC Fl (5 _lul) = —%+Z;{=2%j, F2 (5 +3M1+Zz:3/’bl) = m’ and Fk(l _
¥ — v < < .
) S for3<k<u
© Fpr<s——Fforu+1<k<n

3 u
F71+Zj:2F7j
Proof: Notice that since u = arg maxs<;<, U;, and v = arg maxs<;<, V;, we have that

U, >U; forall j € [2:n], and V,, >V, for all j € [2: n|. Since from the case description, we
have that U, > V,, we should have that,

U,>U, forall j€[2:n]and U, >V, forall j € [2:n] (141)

(a) Notice that this condition is trivially satisfied for k € {2} U {u+1,...,n} since i =0
for such k. Hence, we focus on k ¢ {2} U{u+1,...,n}. First, we prove that g} > 0.
Notice that from (I4T)), we have that U, > V,,. Substituting from (104)) and (105}, U, >V,
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translates to

U u—1
m 2 u . (142)
F% + D ko FL,C D k=1 FL,C
Simplifying the above, we have that

Uu F1

< — (143)
3 v 1=
I + ijz F; 2

as desired.
To obtain the result for 3 < k < wu, notice that we can assume v > 3. Notice that we are

required to prove

Fr > (144)

u
F% + Z;’Lzz FLJ
Since Fj > Fj.q for £ > 3, it is enough to prove the above for £ = u. Notice that from
(I41), we have that U, > U, ; (recall that u > 3). Substituting from (104), U, > U,

translates to

u u—1
= ——. (145)
3 u 1 u—1
E+Zk=2F_k F%_'—Zk:ZFLk
Simplifying the above, we have that
Fo> 54— (146)

as desired.
(b) Substituting from the definition of z;, simplifying yields the result.
(c) If u = n, there is nothing to prove. Hence, we can assume u < n. Notice that it is enough
to prove the result for k£ = u + 1, since Fj, > Fy; for k > 3. From (I41)) we have that
Uy > U,y (recall that u < n). Substituting from (104), U, > U, translates to

U u-+1
I S A S o
Simplifying the above, we have that
Fui € 5+ (148)
I + Zk:2 i
as desired.
]
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Lemma 12: The vector p* defined in (139) solves unconstrained problem with Lagrange
multiplier vector g* defined in (140). In particular, p* solves
max  fo(p) + 11 (3p2F — piF1) + fis(piFy — paF) + Zﬂi(sz — pr L)
k=3 (149)
st. peA,,
where the function f, is defined in (121]).
Proof: Noticing from the definition of &* in (I40) that g; = 0 for k£ > wu, and using the

definition of function f, in (I21)), the objective of the above unconstrained problem simplifies

as

fo(p) + 1 (3p2Fo — p1F1) + f5(prFy — pal) + Z [ (P2 — pr.Fy)

k=3
1 —% 1 —% - — % - — % -
=pF (5 - ul) + o Fy (5 + 307 + Zu) + kPl =)+ > P,
1=3 k=3 k=u-+1
=Y nC+ Y b, (150)
=1 k=u+1
where
u
C=3—T= 1 (151)
RIS

and the last inequality follows from Lemma [[T}(b). From Lemma [TT}(c), we have that C' > F,
for all k € {u+ 1,...,n}. Hence, the optimal solution to the above defined unconstrained
problem is any p € A,, such that p, = 0 for all £k € {u+ 1,...,n}. In particular, p* given in
is a solution to the unconstrained problem. [ |

3) Finding p*: Finally, we are ready to combine the solutions of (P1-1) and (P1-2) to find
p* € argmaxpen, fV*(p). Notice that since we solved (P1-1) and (P1-2), we have solved all
of the n? problems (P1-i), and (P1-(i,j)) for 4,5 € [1 : n] such that i # j defined in (TO0)
and (IO0T)), respectively. Hence, we can find p* by solving all the above problems and finding
the one that gives the highest optimal objective. But, it turns out that it is, in fact, enough to
solve (P1-1), and (P1-(1,2)). To prove this, consider arbitrary (i, 7) such that 1 < ¢, 5 < n such
that ¢ # j. Define, D € R" to be the vector obtained by permuting the entries of E such that
D, = E;, Dy = E;, and Dy, > Dy for k € [3: n—1]. Notice that due to the solution of (P1-2),
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the optimal value of (P1-(z, 7)) is given by

. a—1 b
~* = max PR - 2§a,b§n}, (152)
{ 2 k=1 Dy D% + D s DL,C
Notice that,
a—1 b
max a— a,be2: n]} >, (153)
{ 2 k=1 Ex E% + ZZ:Q ELk

where the inequality follows since  ,_, Elk <> Dik, and Eil + 2222 Elk < Dil + ZZZQ D%c
for all a,b € [2 : n]. This follows since, Fy > Ej,, for all k£ € [1 : n — 1]. But notice that the
left-hand side of is the optimal value of (P1-(1, 2)). Hence, the optimal value of (P1-(1, 2))
is at least as that of (P1-(7, j)). Hence, it is enough to solve (P1-(1,2)). With similar reasoning,
we can establish that solving (P1-1) suffices. Considering the solutions (P1-(1,2)) and (P1-1),

we have the result.

C. m =2, arbitrary r

The general two-player case can be reduced to a linear program. Again f“°*' can be found
explicitly in this case. It can be easily seen that

[ (p) = ;pkEk - % (; maxj{ppEr; 1 < k < n}) ; (154)

where max ;) returns the j-th largest element in a set. Consider the following (:f) linear programes,

each indexed by a size r ordered subset of [1 : n| containing distinct elements, where the problem

(P-ay, as, .., a,) with a; € [1: n| for each k € [1 : r] and aj, < agyq for k € [1:r — 1], is given

by,

n 1 ™
(P-ay, ag, .., a,): rzgl’a? ;ijj 3 (;paanj>

s.t. pPEAN,,, (155)
paanj Z /Y v:l S j S r?
v > peEy VE € [1:n]\ {ai,as,..,a.}
Notice that the solution of (P2) is the solution of the problem out of the above (:) problems

with the maximum objective value. Hence, solving (P2) amounts to solving (’:) linear programs.

In the below lemma, we prove that it is, in fact, enough to solve (P-1,2,...r)
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Lemma 13: The optimal objective value of (P-1,2,..,7) is at least the optimal objective value
of (P-ay, as, .., a,), where a;, € [1 : n] for each k € [1 : r| and a), < a4 foreach k € [1:r—1].
Proof: See Appendix [C| [ |

For 1 < a,b < n, define,

Sap = Tiag ifbza : (156)
0 otherwise
Now, we focus on constructing the solution for the problem subjected to two assumptions.
Al Ey, Es, ..., E, are distinct real numbers
A2 forall a € [1:7r],and b € [r+ 1,n], E},S,, is not an integer.
The solution for this case is defined in terms of three functions b : [0: 7 —1] X [r+1:n| — R,
e:[0:r—1]x[r+1:n]—=>R,and g:[r+1:n]x[r+1:n]— R. Before introducing the
three functions, we begin with a few definitions.
Good triplets and bad triplets: We call a triplet (a,b,c) € [0:r—1] x[r+1:n]x[r+1:n]
a good-triplet if r —a + b — ¢ < EpS,41,. If the reverse inequality is true, we call (a,b,¢c) a
bad-triplet index.
The following lemma introduces certain properties regarding triplets.
Lemma 14: Consider the following scenarios.
1) If (a,b,c) is a good-triplet then,
a) If b > r+ 1, then (a,b— 1,c¢) is a good-triplet
b) If ¢ < n, then (a,b,c+ 1) is a good-triplet
c) If a<r—1, then (a+1,b,¢) is a good-triplet
d) If a >0, and ¢ < n, then (a — 1,b,c+ 1) is a good-triplet
2) If (a,b,c) is a bad-triplet then,
a) If b < n, then (a,b+ 1,c) is a bad-triplet
b) If ¢ > r+ 1, then (a,b,c — 1) is a bad-triplet
c) If a >0, then (a — 1,b,c¢) is a bad-triplet
d) Ifa<r—1,and ¢ >0, then (a+ 1,b,c — 1) is a bad-triplet
Proof: See Appendix [ |
Function /: From Lemma [14}1-a, 2-a, we have that, for fixed (a,c) € [0 : r — 1] x [r + 1,7,
either (a, b, ¢) are good-triplets for all b € [r+1,n], (a,b, ¢) are bad-triplets for all b € [r+1,n|,
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or there exists a unique b € [r+ 1,7 — 1] such that (a, b, c) is a good-triplet and (a,b+1,¢) is a
bad-triplet. Define h(a,c) = n in the first case, h(a,c) = r in the second case, and h(a,c) = b
where b is the unique index in the third case.
Function e: Similarly, from Lemma [I4}1-b, 2-b, we have that, for fixed (a,b) € [0 : r — 1] X
[ + 1,n], either (a,b,c) are good-triplets for all ¢ € [r + 1,n], (a,b,c) are bad-triplets for all
¢ € [r+ 1,n|, or there exists a unique ¢ € [r + 2,n| such that (a,b,c) is a good-triplet and
(a,b,c—1) is a bad-triplet. Define e(a,b) = r+ 1 in the first case, e¢(a,b) = n+ 1 in the second
case, and e(a,b) = ¢ where c is the unique index in the third case.
Function ¢: Similarly, from Lemma [I4}1-c, 2-c, we have that, for fixed (b,c) € [r + 1,n] x
[r + 1,n], either (a,b,c) are good-triplets for all a € [0,r — 1], (a,b,c) are bad-triplets for all
a € [0, — 1], or there exists a unique a € [1,r — 1] such that (a,b,c) is a good-triplet and
(a — 1,b,¢) is a bad-triplet. Define g(b,c) = 0 in the first case, g(b,c) = r in the second case,
and ¢g(b,c) = a where a is the unique index in the third case.

Now, we construct the explicit solution using the functions defined above.

Theorem 3: Assume that we are given the two assumptions Al, and A2 are true. Define the

three sets X, X5, A3, as
Xy ={(a,c) €[0:r—1] x [r+1:n]lr <h(a,c)}
Xo={(a,b) €[0:r—1] x [r+1:n]b<e(a,b) <n}
Xy={(b,e)er+1:n|xr+1:n]b<c0<g(bc) <r—1}, (157)
and define the vectors pb®¢ for (a,c) € X;, p>*® for (b,c) € X, and p**< for (b,c) € Aj,

where,

1) for (a,c) € &)

;

1 if1<k<a
r—a+b—c :
roatb-c  ifa4+1<k<b
pllc,a,c — Eksa+1,b (158)
1 ifb+1<k<c
0 otherwise,

where b = min{h(a, ), c},
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2) for (a,b) € Ay,

2,a,b
b, =

where ¢ = e(a, b)

3) for (b,c) € A,

3,b,c
Dy

where a = g(b, ¢).
1) We have that,

a) ph®c for all (a,c) € Xy
b) p*>®® for all (a,b

S

(7" — a) +b—c— Ebsa+17b,1

0

.
1

r—a+b—c— EbSaJrl,b,l

Ey
Ey

1

0

\

S )
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fl1<k<a
ifa+1<k<b
ifo+1<k<c—1 (159)
ifk=c

otherwise,

ifl<k<a-1
ifk=a
ifa+1<k<b (160)
ifb+1<k<c

otherwise,

are all valid vectors belonging to A,, .

are all valid vectors belonging to A,, ,.

c) p>b for all (b,c) € X3 are all valid vectors belonging to Ay

where pl®¢, p>® and p*** are defined in (I58), (I59), and (T60), respectively.

2) We have that,

1,a,c . : _ _ ) _
a) for (a,c) € Ay, (ph*»°,~) is feasible for (P-1,2,..,r), where v = . and b =

min{h(a, c), c}.

b) for (a,b) € Xy, (p>**, ) is feasible for (P-1,2,...,r), where v = E},
c) for (b,c) € Xs, (p><,7) is feasible for (P-1,2,..,r), where v = E,

d) the pair (p°,v), where
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1 if1<k<r

(161)

0  otherwise
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Fig. 2. Left: The mean rewards of different resources. Right: Probabilities of choosing different resources for the considered

and v = E,,, is feasible for (P-1,2,...,r).
3) The solution to (P-1,2,..,7) is the one that produces the maximum objective value out of
the elements in the following set

A={p"}U{p": (a,c) € X} U{p**": (a,b) € X} U{p™": (b,c) € X5}, (162)

along with the ~ values defined in part-2.
Proof: See Appendix [E] [
Fig. [2] denotes the optimal probabilities found for n,r = 10, 3, along with E given by,
7 ifj=1
E; =4 6.7 if j =2 (163)
1+ 601;93j otherwise
In Fig. [2] it can be seen that player A; will always choose a subset of resources with the highest
mean rewards, and the probabilities of choosing the remaining resources follow a similar pattern

to the m = 3,7 = 1 case described in Section [[II-B| The intuition behind this is also very similar

to the three-player singleton case.

IV. SIMULATION RESULTS

In this section we present our simulation results. In Figure [3] we simulate the performance

of our algorithm for n = 6,m = 5, E = [3,1,1,1,0.5,0.1] for » € {1,2,3}. For each value
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of r, we run Algorithm [2| for 2 x 10° iterations. We first plot %23:1 Y (p(r)) vs t, after
which we plot the entries of p(t) vs ¢, where ¢ is the iteration number. In the plots, we also plot
the optimal objective value f“°"*“* and the optimal p* for reference. In Figure 4 we repeat the
above with parameters n = 6,m =5, E = [6.1,1,1,1,0.5,0.1] for r € {1,2, 3}.

Notice that in both cases, we use E sorted in decreasing order. Comparing the case » = 1 for
the two values of E it can be seen that when E = [6.1,1,1,1,0.5,0.1], player 1 chooses resource
1 with probability 1 while when E = [3,1,1,1,0.5,0.1], player 1 chooses several resources with
nonzero probability. This is because when E = [6.1,1,1,1,0.5,0.1], the mean reward of the first
resource is higher than five times the mean reward of the second resource. Hence, even if all
the other players choose resource 1, player 1 will not benefit by choosing a different resource.
From Figure 3} Bottom-Left and Figure d}Bottom-Left, it can be seen that the online algorithm
learns this behavior. However, when r > 1, player 1 chooses resource 1 with probability 1 for
both values of E. In all cases, it can be seen that the worst-case expected utility of the online
algorithm converges to the optimal value.

Another interesting observation is the slower convergence of the algorithm for » = 1 with
E =[6.1,1,1,1,0.5,0.1]. This may be due to the fact that this is the only case where the optimal
solution p* is an extreme point of A, , and it chooses all resources except resource 1 with zero
probability. In particular, using p(t) close to p* in the initial phases of the algorithm reduces

exploration required to learn the £, values.

V. CONCLUSIONS

In this paper, we considered the problem of worst-case expected utility maximization for
the first player of multi-player resource-sharing games with fair reward allocation under two
settings. In the first setting, we provided an algorithmic solution to a one-slot game, where we
also provided explicit solutions for two special cases. For the second setting, we considered an
online scenario, for which we provided an upper confidence bound algorithm that achieves a
worst-case regret of O(+/T log (T')). The simulations and the explicit solutions depict interesting
variations of the probability of choosing a resource when the mean of the considered resource

is changed while holding the mean reward of other resources fixed.
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Algorithm 2: Algorithm for Appendix [A|

1 Initialize « = [0,0,...,0] € N™.

2 for each iteration k € [1: (m — 1)r] do

3 Increase x; by 1 where ¢ € arg min jefi.p) {f_’;i’“ — g_’;%}
TEp<m—1 k k

4 end

5 Output .

APPENDIX A
FINDING &* € argmingc 7 f(p, x)

peF

Tiag This is an

Given F € R", and p € A,,,, we focus on finding «* € argminges > ,_,
optimization over a nonconvex discrete set x € 7. However, it has a classical separable structure
that is well studied in the literature and can be solved exactly using either a greedy O(n +
mrlog(n)) incremental algorithm or an improved O(nlog(mr)) algorithm. For completeness,
we summarize an O(nmr) algorithm in Algorithm [2| For improved algorithms, refer to the work

of [S5].

APPENDIX B

MADOW’S SAMPLING TECHNIQUE

In this section, we present the Madow’s sampling technique (Algorithm [3). The algorithm
takes as an input a vector p € A, , and outputs a set A C [l : n] such that |A] = r, and
E{lyca} = pi for all k € [1: n]. See [1] for the proof of the correctness of the algorithm.

APPENDIX C

PROOF OF LEMMA [13]

Let A = (a1, as,..,a,) be a subset of [1 : n] containing distinct elements such that a < aj41
for each k € [1 : r — 1]. Consider the problem (P-A). Let us B = [1 : n] \ A. Denote A,y =
AN\ [1:r] as the set of bad-1 indices and the set, By, = BN [1 : 7] as the set of bad-2 indices.
Notice that for any given problem, there are an equal number of bad-1 and bad-2 indices. We

intend to prove that there is an optimal solution with no bad-1 (or bad-2) indices. For this,
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Algorithm 3: Madow’s sampling technique

1 Define I1y = 0, and T, = II;_; + p Vk € [1: n].

2 Sample U ~ Uniform(0, 1).

3 Define the set Sy = @, where @ denotes the empty set.

4 for each k € {0,1,...,r — 1} do

5 Find the unique ¢ € [1 : n] such that IT; ; < U + k < II,.
6 Define Sy+1 = S U {i}.

7 end

8 Output A =S,.

we establish that for any problem with & > 0 bad-1 elements, there exists another problem
with & — 1 bad-1 indices with an objective value at least as the objective value of the problem
with k bad-1 indices. Assume (P-A) has k bad-1 indices. Let (p,~y) be the optimal solution of
(P-aq, as, .., a,). We consider two cases.

Case 1: There is no pair (a’,b) such that ' is a bad-1 index and b is a bad-2 such that
E, <Ey.

Notice that any bad-1 index is greater than any bad-2 index. Hence, for pair (i, j) such that
© 1s a bad-1 index, and j is a bad-2 index, we have that &; > F; (Since F is assumed to be
decreasing). Hence, the above condition would mean that £; = FE; for all ¢,j such that 7 is
bad-1, and j is bad-2. Hence (p,~) will be feasible for (P-(A\ {i} U {j})) as well. Moreover,
(p, ) will give the same objective value for (P-(A\ {i}U{j})) as (P-A), and (P-(A\{i} U{j}))
will have k£ — 1 bad-1 indices.

Case 2: There exists a pair (a',b') such that ' is a bad-1 index and b is a bad-2 such that
E, <Ey.

We begin with the following two lemmas.

Lemma 15: There exists t € A, and s € B such that E;p, = Esp, = 7.

Proof: We only prove the existence of ¢t € A such that £;p; = . The other part can be solved
by repeating the same argument. Assume the contrary. Let v* = (min{p,;E;;j € A} + v)/2.
We have that v* > «, and p; E; > v* for all j € A. Notice that p,; > 0 and p,, < 1 (The first

inequality follows since p, E; > p, E,/, and the second inequality follows since p £, > py E/,
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and £, > E ). Hence, there exists ¢ > 0, small enough such that,

Ey(py —0) =" (164)
Ey(py +0) <7 (165)
(py —0) >0 (166)
(py +0) < 1. (167)
Hence (p,~*), where p is given by,
Di if ke[l:n]\{d,b}
Pr=1o py—6 ifk=ad (168)

py +6 ifk=0
is feasible for (P-ay, as, .., a,), and also achieves a higher optimal objective value since £, > L.
This is a contradiction. [ ]
Lemma 16: For (P-aq,as,..,a,), there exists an optimal solution with at least one bad-1
element a such that, £,p, = v, and at least one bad bad-2 element b such that E,p, = 7.
Proof: Notice that for all k € A\ Ay, and j € Apyg, we have that £y, > E.
Notice that the entries of p can be rearranged without affecting the objective and feasibility for
(P-ay, as, .., a,) such that the following two conditions are satisfied.
C1 For k € A\ Apu, and j € Apy, if we have Ey = Ej;, then py > p;.
C2 For k € B\ By, and j € By if we have Ej, = E;, then p; > py.

Now we establish that any optimal p reordered such that both C1 and C2 are met satisfy the
conditions of the lemma. We show only the bad-1 case. The bad-2 case can be solved using the
same argument.

Assume the contrary. Hence, all bad-1 elements j satisfy E;p; > . Consider ¢ € A such
that Eyp, = v (Such a ¢ always exists from Lemma [I5). Notice that ¢ cannot be bad-1. Hence
E, > E; for all bad-1 indices j. In this case, we have the following claim.

Claim: There exists a bad-1 index i such that F;, < E,.

Proof: If no such bad-1 index i exists, then we should have £, = £ for all bad-1 indices
Jj. From C1, this would imply that p, > p; for all bad-I indices j. Hence, we should have
Ep: > E;p; > v, which contradicts E;p; = . [ |
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Consider the 7 described in the Claim. Since E;p; = v < E;p;, and E; > FE;, we have that,
p: < p; < 1. Also we have that p; > 0 since F;p; > . Hence, it is possible to find 6 > 0, small

enough such that,

Ei(pi —0) > (169)
(pi—0)>0 (170)
(pe+6) < 1. (171)

Since E; > FE; it is easy to see that, (p,7) given by,

D if kel[l:n]\{it}

Pe=9pi—0 ifk=i (172)

pe+o k=t
is a better solution to (P-aq,as, .., a,). This is a contradiction. [ |
Now, let a, b be the indices such that a is bad-1 and E,p, = v, and b is bad-2 and Eyp, = 7,
which are guaranteed to exists due to Lemma [16] Consider the problem, (P-(A\{a})U{b}), which
has k — 1 bad-1 elements. Notice that since E,p, = Eyp, = 7, we have that (p, ) is feasible
for (P-(A\ {a}) U {b}). Also, the objective values of (P-(A\ {a})U {b}) and (P-ay,as,..,a,)

evaluated at (p, ) are equal. Hence, we are done.

APPENDIX D

PROOF OF LEMMA [14]
letéd=r—a+b—oc.

1) Recall that (a, b, c) being a good-triplet is equivalent to,
0 < EpSayip (173)
a) Notice that,
r—a+b—1—c=0—1<q EpSatip — 1= EpSatip-1 < Ey_1S441,6-1, (174)

where (a) follows from (173)), and the last inequality follows since Fj 1 > Ej,.
b) Notice that,

r—a-+ b— (C + 1) =0—1 <(a) Eszz+1,b —1< EbSa—i-l,b (175)
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where (a) follows from (173))

¢) Notice that,
r— (CL + 1) +b—c=0-1 <(a) EbSa+1,b —1= EbSa+1,b—1 < EbSa+2,b- (176)

where (a) follows from (I73) and the last inequality follows since Syi24 > Sat1,6—1,
which follows since E is non-increasing in it’s components.

d) Notice that,
r— (CL — 1) +b— (C + 1) =94 <(a) EbSa+1,b < EbSa,b7 (177)

where (a) follows from (173]).

2) All the claims in this part follow from the contra-positives of the corresponding claims in

part 1.

APPENDIX E

PROOF OF THEOREM [3]

1)
a) Recall that, X} = {(a,c) € [0: 7 — 1] x [r + 1 : n]|r < h(a,c)}, and p"* for (a,c) € X is
defined as,

/

1 fl1<k<a
r—a+b—c :
roatbec  ifa+1<k<b
pllg,a,c — ErSati1b (178)
1 ifo+1<k<c
0 otherwise,

\

where b = min{h(a, c),c}. We first prove that p"*<, is a valid vector in A,, .

Since (a,c) € X}, we have that h(a,c) > r and ¢ > r, which implies that,
0<a<r<b<cec<n. (179)

Notice that since h(a, c) > r, from the definition of h, we have that (a, h(a, ¢), ¢) is a good-triplet.

Since b < h(a, c), combining with Lemma [I4}1-a, we have that,

(a,b,c) is a good-triplet. (180)
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This means that,
r—a+b—c< EbSa+1,b- (181)

Also, notice that if b < ¢, then we should have b = h(a,c) and b < n, which implies from the
definition of A that (a,b+ 1,c¢) is a bad-triplet. Hence,

if b<ec, (a,b+1,c) is a bad-triplet. (182)
Hence, if b < ¢ we have that,
Ey1Sav1p <17 —0a+b—c, (183)

where the inequality is strict due to assumption A2. Since (a,c) € Xj, we have that a +
1 <r < b < ¢, which implies that is a valid definition. Now we check the conditions
for phec € A, . The sum constraint can be checked by direct substitution. The constraint,
0< p,i’a’c < 1 follows trivially for k ¢ [a + 1,b]. For k € [a + 1,b], the constraint 0 < p,lc’a’C
holds if and only if » — a + b — ¢ > 0. Notice that this holds whenever b < ¢ due to (183). If
b = ¢, the above reduces to » — a > 0, which holds since a < r by the definition of X;. Hence,

we have,
6>0 (184)

Now, to establish that p,lf’“’c < 1, we have

) )
e — < <1, 185
Pr ErSai1p — EpSat1p (183)

where the last inequality follows due to (I8I).
b) Recall that, X» = {(a,b) € [0:7—1] x [r+1:n]|b < e(a,b) < n}, and p>** for (a,b) € X,

is defined as,

1 f1<k<a
Lo ifa+1<k<b
k
=<1 fbrl<k<c—1 (186)

(r—a)+b—c— EpSay1p-1 ifk=c

0 otherwise,
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where ¢ = e(a,b). Now, we prove that p-»?, is a valid vector in A, . Since (a,b) € X, we

have that,
n>e(a,b)=c>b>r>a>0 (187)

Notice that since the definition of function e, and the fact that e(a,b) > b > r+ 1, we have that,

(a,b,c) is a good-triplet, (188)
and
(a,b,c — 1) is a bad-triplet. (189)
This means that,
EySuiry— L1 <r—a+b—c< ESe (190)

where the first inequality is strict due to assumption A2. Notice that, a +1 <r <b < c < n.
Hence, p>®® defined in (T86) is a valid definition. Now we check the conditions for p?%® € A,, .

The sum constraint can be checked using direct substitution. Since for k& € [a + 1, b] we have,

E E
2.a,b b < b

— <21 191
the constraint, 0 < pi’“’b < 1 follows trivially for k # c.
For k = ¢, notice that,
pz’a’b =0 — EbSa+1,b71 =90 +1-— EbSaJrl,b € [07 1]7 (192)

where last inequality follows from (190).
¢) Recall that, X3 = {(b,c) € [r+1:n] x [r+1:n]b<c,0< g(bc) <r—1}, and p>> for
(b,c) € X3 is defined as,

(

1 ifl1<k<a-1

r—a+b—c—ESep-1 ifk=a

pe=q L ifat1<k<b (193)
1 ifb+1<k<c
0 otherwise,
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where a = g(b, ¢). Since (b, c) € A, we have that,
O<a<r<b<c<n. (194)

Notice that since the definition of g, and the fact that g(b,c) > 0, we have that,

(a,b,c) is a good-triplet, (195)
and
(a —1,b,¢) is a bad-triplet. (196)
This means that,
EySop—1<r—a+b—c<EySat1p, (197)

where the first inequality is strict due to assumption A2.

Notice that the definition of p>*¢ in (I93)) is a valid since 0 < a < r < b < ¢ < n. Now
we check the conditions for p>»¢ € A, . The sum constraint can be checked using direct
substitution. Due to the same argument as case 2, in this case, the constraint, 0 < pi’b’c <1

follows trivially for k # a. For k = a, notice that,
PP =6 — EpSei1p 1 =0 +1—FpS, 15 <1, (198)

where the last inequality follows from (197).
2)

a) For k € [1 : a] we have that, pi’“’cEk = Ey > par1E441 =7. For k € [a+ 1 :b] we have
that, p,lg’a’cE;C = ~. Finally, for k € [b+ 1 : ¢|, we can assume that b < ¢, in which case we
have that p,*“Ey = Ej, < Ey1 < 7, where the last inequality follows from (T8T)).

b) For k € [1 : a] we have that, p>*"E}, = E;, > E, = ~. For k € [a+ 1 : b — 1] we have
that, pi’“’bEk = E, =~. For k € [b+ 1 : n], we have that pi’a’bEk < E, < E, = ~. For
k = b, we have that, pz’“’bEb < E,=n1.

¢) For k € [1 : a — 1] we have that, p}"“E}, = E}, > E, = ~. For k € [a + 1 : b] we have
that, pi’b’cEk = E, = . For k € [b+ 1 : n], we have that pi’b’cEk < E, < E, = ~. For

k = a, we have that,

PV Ey — By = Eo(r —a+b—c— EySai141) — By
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= Eyr—a+b—c— FyS,p1) >0, (199)

where the last inequality follows due to (197).

d) This follows trivially, by substitution, due to the non-increasing property of E.

3) Define the three sets,

A = {pl’“’C (a,c) € X1}, Ay = {pQ’“’b t(a,b) € Xy}, Az = {p3’b’C :(b,c) € X5},

A={p"}UA UAUA; (200)

Let us denote by z(q) the objective value of (P-1,2,..,7) for ¢ € A, ,. We solve the problem
under four cases. The four cases can be summarized as,

C1 Best vector in A comes from A;

C2 Best vector in A comes from A,

C3 Best vector in A comes from Aj

C4 Best vector in A is p°, where p° is defined in (T6T).
In each of the above cases, we focus on constructing a Lagrange multiplier vector p € R" that
will establish the best vector is optimal from Lagrange Multiplier Lemma (Lemma [3)).
Case 1: Best vector in A comes from A,

Let p®¢ denote the best vector where (a,c) € X; (See the definition in (T78))). Define,
b = min{h(a,c), c}.

r—a

0 = 5 +b—r (201)
and 6 = r — a + b — c. Hence, we have,
.y 66 -
2(phe) =) =+ + E;. (202)
P =2 F 5T

i=1 i=b+1

We introduce the following lemma, which will be useful in handling this case.

Lemma 17: We have that,
1) -4 <E.

Sa.+1,b -
Ea+1 0
2) 2 < Sat1,b
3) If a > 0, we have, Lo > _9¢
2 = Sa+1,b
0
Sa+1,b’

4) If ¢ <n, we have, E,11 <

where 6 is defined in (201).
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Proof:
1) We prove this part in several cases. The cases make sense since ¢ > b > r + 1 from (179),

Case 1 ¢ = r+1: Combining b < ¢ and (I79), we should have b = r+1. We are required to prove

that £, 1Sq41,,41 > 5% + 1. Notice that in this case, (181)) simplifies to r —a < E;; 15441041
Hence, we are done if » — a > 2. Hence, the only case to check is a = r — 1. In this case, the
required statement simplifies to £, < 2FE,,, which follows from z(p°) < z(p"**), where p°
is defined in (161J).

Case2 c>r+1,b=c, and (a,c—1,c—1) is a good-triplet: From andc—1>r+1, we
have that (a,c— 1) belongs to the domain of function h. Since (a,c—1,¢c— 1) is a good-triplet,
from the definition of function h, we have that h(a,c — 1) > ¢— 1. Since, c — 1 > r + 1, we

have that (a,c — 1) € X}, and min{h(a,c —1),c — 1} = ¢ — 1. Hence,
~ ‘B (0-1)5
La,e—1y _ -
2(ph ) ; 5+

Satle-1
Simplifying z(p"®¢~1) < z(p"*¢) we have the result.
Case3 c>r+1,b=c,and (a,c—1,c—1) is a bad-triplet: From andc—1>r+1, we
have that (a,c — 1) belongs to the domain of function e. Combining (I80) with Lemma [14}1-a,

(203)

we have that, (a,c — 1, ¢) is a good-triplet. Combining this with the case description, we have
that e(a,c—1) = c. Since ¢ — 1 < ¢ < n, where the last inequality follows from (I79), we have
that (a,c — 1) € X,. Notice that,

a

E;
Z(pQ,a,c—l) — Z ? + Ec—l (0 — 1) + EC(5 - Ec—lsa-‘rl,c—l) (204)

i=1

Substituting for z(p*>*<~1) < 2(ph*°), we get,
(ECS(H—LC - 0) (Ec—lsa—f—l,c - 5) > 0. (205)

Since E._1Sat1.c > EcSat1c > 9, where the last inequality follows from (I81)), we are done.

Case4 c>r+1,b<c, and (a,b,c— 1) is a good-triplet: From andc—1>7r+1, we
have that (a,c — 1) belongs to the domain of function h. Since b < ¢ < n, from (182)), we have
that (a,b+ 1, ¢) is a bad-triplet. Combining with ¢ > r 4 1, from Lemma 2-b, we have that
(a,b+1,c—1) is a bad-triplet. Since (a,b,c—1) is a good-triplet, we have that h(a,c—1) = b.
Since ¢ — 1 > r + 1, we have that (a,c — 1) € X;. Also, min{h(a,c—1),c—1} = c¢— 1, since
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b < c¢— 1. Hence,

Apt ) =) G 3 (206)

2 Sat1p i=b+t1

Substituting to z(ph+<7!) < z(ph*¢) and simplifying, we get the desired result.

Case Sc>r+1,and b < ¢, (a,b,c—1) is a bad-triplet: From (I79)), we have that (a, b) belongs
to the domain of e. Combining (a,b,c— 1) is a bad-triplet with (I80), we have that e(a, b) = c.
Since b < ¢ < n, where the last inequality follows from (I79), we have that (a,b) € A5. Hence,

a E,L c—1
) =3 - t B0+ > Ei+ E(6 — EySat1-1)- (207)
i=1 1=b+1

Substituting for z(p*>®»%) < z(pY*¢) and simplifying yields,
(ECSaJrLb — 6)(Eb5a+1,b — (5) >0 (208)

Combining with (I81]), we have the desired result.
2) We consider four cases. The cases make sense since a < r — 1, b < ¢ from (179).
Case 1 a = r — 1: Notice that from (I84)), in this case we should have ¢ — b € {0,1}. Also,

since z(p°) < z(ph*©), we have,

E, 605 ‘ 0(1+b—c) & 0 0
=< Ei=—r—" E; < —b) ( By —
2 = Sr,b i _Z i Z Sr,b i (C ) < o+ Sr,b

) (209)

E,
= < By (210)
Hence,
b
E, 1 B 1 1 B (b—r 1
Erg L B 11 B S ) 211
27T ZEi_()2+2(Eb+1)_(b)2+ " 1)

where (a) follows since, F; > FEy. for i € [r 4+ 1: b], and (b) follows from (210).
Case2a<r—1landb=c:

Case3 a <r—1,c >0, (a+1,b+1,c¢) is a bad-triplet: We handle the above two cases together.
In both the above cases, due to a < r—1, and (I79)), we have that (a+1, ¢) belongs to the domain
of h. We prove that in both of the above cases, (¢+1,c) € X} and min{h(a+1,¢),c} = b. First,
notice that from (I80), a < r — 1, and Lemma [14}1-c, we have that (a+1,b, ¢) is a good-triplet.
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o If b=c, since (a+ 1,b,c) is a good-triplet, we have h(a + 1,¢) > b = ¢ > r, where last
inequality follows from (I79). Hence, (a + 1,¢) € &), and min{h(a + 1,¢),c} = c = 0.

e If c>band (a+1,b+ 1,c) is a bad-triplet, we have that h(a + 1,¢) = b > r, where the
last inequality follows from (179). Hence (a + 1,¢) € &, and min{h(a + 1,¢),c} = b.

Hence,

a+1 ( 1)
plathe) Z— + Z E;. (212)

a+2 b i—bt1
Substituting and simplifying z(plﬂ“vc) < z(ph*©) we get,
E,
( 2“ Satip — 9) (Ba41Sat1p—06) <0 (213)

Notice that E, 150114 > EpSat1 > 0, where last inequality follows from (I8T).

Cased: a<r—1,b<c,and (a+1,b+1,c¢) is a good-triplet: Since ¢ > b, we have that from
that (a,b+1, ¢) is a bad-triplet. Due to b+1 < ¢, and (I79), we have that (b+1, ¢) belongs
to the domain of g. Combining the above with the case description, we have g(b+1,¢) = a+ 1.

Since b+ 1 < cand a+ 1 < r, we have that (b+ 1,c¢) € X3. Hence,

‘\E;, E 1 ¢
3b+ley _ i atl ¢ 1 .
z(p ) = 5 T3 (6 — Ey1Sai20) + Eppa (9+2)+i§2E,. (214)

=1

Substituting and simplifying z(p>°*1¢) < z(pl€) we get,

E,
< 2+1 Sat1p — 9) (Ept1Sa41p —0) >0 (215)

Combining with (183]), we are done.
3) We consider two cases. The cases make sense since a —1 > 0 from the statement description.
Case 1 (a — 1,b,¢) is a good-triplet: Notice that since a > 0 from the statement and (I79)), we
have that (a — 1,¢) belongs to the domain of h. Since, (a — 1,b,¢) is a good-triplet, we have
that h(a — 1,¢) > b > r, where the last inequality follows from (I79). Hence, (a — 1,¢) € A}.
If b = ¢, we have that min{h(a — 1,¢),c} = ¢ = b. If ¢ > b, we have from that
(a,b + 1,¢) is a bad-triplet, which when combined with ¢ > 0 and Lemma 2—c, gives
(a—1,b+1,c¢) is a bad-triplet. Combining with the case description, we have that h(a —1,¢) =
b. Hence, min{h(a — 1,¢),c} = b. Hence in either case we have that, (a — 1,¢) € X} and

min{h(a — 1,¢),c} = b. Hence,

a—1

B (0+

Z(pl,afl,c> _ 5 + ( Z E;. (216)
1 i=b+1

[
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Substituting and simplifying z(p* 1<) < z(ph*€) we get,

E
(TGSa-&-l,b - 9) (EaSa-H,b - 5) Z 0 (217)

Combining (181)), and E, > E,, we have E,S,+15 > EpS,+1, > 6 which gives the result.
Case 2 (a — 1,b,¢) is a bad-triplet: Notice that from (179), we have that (b, c) belongs to the
domain of g. Combining the case description with (I80), we have ¢(b, ¢) = a. Combining (I79),
and 0 < a, we have that (b, c) € Xj;. Hence,

\E, E
Z(pm): > R (6 — EpSat1p 1)+Eb9+z;1E (218)

Using z(p3>>¢) < z(ph®*), yields the inequality,

E,
<75a+1,b — 9) (EpSas1p—9) >0 (219)

Using (181)), we have the desired result.

4) We consider the following two cases. The cases make sense since b + 1 < c+ 1 < n, where
the first inequality follows from (179), and the second follows from the statement description.

Case 1 (a,b+ 1,c+ 1) is a bad-triplet: Combining ¢ < n from the statement description with
(T79), we have that (a, c+1) belongs to the domain of h. Notice that from (T80), and Lemma [14}
1-b, we have that (a,b,c+ 1) is a good-triplet. Hence, we have h(a,c+ 1) = b > r, where the
last inequality follows from (I79). Hence, (a,c + 1) € Aj, and min{h(a,c + 1),c+ 1} = b.

Hence,

c+1

+ > E. (220)

i=b+1

plaectt) Z_

Substituting and simplifying z(p®“t1) < z(ph*¢) we get the desired result.

S+1b

Case 2 b =c, (a,b+1,c+1) is a good-triplet: Combining ¢ < n from the statement description
with (I79), we have that (a,c + 1) belongs to the domain of h. Since, (a,b + 1,¢+ 1) is a
good-triplet, we should have h(a,c+ 1) >b+1=c+ 1> r, where the last inequality follows
from (I79). Hence, (a,c+ 1) € X}, and min{h(a,c+ 1),c+ 1} = ¢+ 1. Hence,
phactl) Z_ 9"‘_15 221)
Sat1,et1

Substituting and simplifying z(p®“*t1) < z(ph*¢) we get the desired result.

June 2023 DRAFT



62

Case 3b < ¢, (a,b+1,c+1) is a good-triplet: Since b < ¢, from (I82)), we have that (a,b+1,¢)
is a bad-triplet. From (179), we have b+ 1 < ¢ < n and a > 0, which implies that (a,b+ 1)
belongs to the domain of e. Combining with (a,b+ 1,¢+ 1) is a good-triplet, we should have
e(a,b+1) =c+1. Since n > ¢+ 1> b+ 1 where the first inequality follows from (179), we
have that (a,b+ 1) € &,. Hence,

a B ¢
Z(pQ,aJJ-‘rl) — Z 7 + Ec+1 (5 — Eb—i-lSa-i-l,b) + (9Eb+1 + Z Ez (222)
i=1 i=b+1

Using z(p?t*1) < z(ph*©), yields the inequality,

(Ect1Sa41,6 — 0) (Ep1Sa416 —0) >0 (223)

Combining with (183)), we have the desired result. [ |
Now, we construct a Lagrange multiplier that satisfies the conditions of Lemma [3] Consider

pn € R”, given by,

-3 ifa+r1<k<r
p=41-L ifr+1<k<b. (224)
0 otherwise
where,
0
C = . (225)
Sa+1,b

The above p satisfies pu > 0. If k& € [a + 1, 7], we have that,

¢c 1_C 1
———> — — — > 22
Hie = E, 27 E, 2 0 (226)

where the last inequality follows due to Lemma [17}2. If k € [r + 1,b], we have that,

Mk_l—%>1—%>o (227)

where the last inequality follows due to Lemma [I7}1.

Using the above p as a Lagrange multiplier for problem (P-1,2,..,r), we have the problem,

maX Zp37+ Z Cpj + Z E;

j=a+1 j=b+1 (228)
st. pelA, ., AeR
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Notice that due to Lemma 17] we have that, /;/2 > C for j € [1 : a], E; > C, for j € [b+1: ],

and E; < C for j € [c+1,n]. Hence, an optimal solution p for the above problem is p = p"**

with arbitrary 7. Let, 7 = <2—. Notice that from Lemma [3| part-2-a, we have that (p>®°, v)

S
is feasible for (P-1,2,..,r). AI;ro; notice that from the definition of p, we have p; > 0 implies
p,i’a’cEk = 7. Hence, from Lemma [3, we have that (pl’avc, ) solves (P-1,2,..,r), as desired.
Case 2: Best vector in A comes from A,

Let p>*? denote the best vector where (a,b) € X, and let ¢ = e(a, b). Define

G:T;aer—r (229)

and 6 =1 — a + b — c. We have the following claim.
Claim: We should have a < r — 1.
Proof: Assume the contrary. Hence, from (187) we have a = r—1. Hence, we have pi’“’b =1

for all 1 < k <r — 1. Additionally from (I79), notice that b > r 4+ 1. Also from the definition

of p>*°, we have pz’a’b = 1, and p>** = E,,1/E, > 0, which implies that, > ;' , pi’a’b > 7.
This is a contradiction. [ ]

Combining the claim, and (I87), we should have in this case, that
(a+1,b,c—1)e0:r—1]x[r+1:n]x[r+1:n] (230)

Now we prove the following lemma.

Lemma 18: We have that,

D 552

2) Ifa>0,then§—;§%

3) EcSay1p—1+12>10

4) Ey (0 — EcSar15-1) 2 E.,
where 6 is defined in (229).

Proof:

1) We complete the proof using two cases. Notice that the following two cases make sense due
to (230).

Case 1 (a + 1,b,c — 1) is a bad-triplet: From (230), we have (a + 1,b) belongs to the domain
of e. Combining (I188) and a + 1 < r — 1 with Lemma l-c, we have that (a + 1,b,¢) is a

June 2023 DRAFT



64

good-triplet. Hence, e(a+ 1,b) = c. Since, b < ¢ < n from (187), we have that, (a + 1,b) € X5.

Hence,
a+1 c
E; 1
dp* ) =) S By (9 - 5) + > B+ E.(6—1— EySainy). (231)
i=1 i=b+1

Using z(p?®%) > z(p?>**1?), yields the inequality,
(2Ec - Ea—i—l)(Ea-‘rl - Eb) > 07 (232)

which yields the result since F,;; > £} (the inequality is strict due to assumption Al).

Case 2 (a+1,b,c—1) is a good-triplet: Notice that due to (230), we have that (b, c— 1) belongs
to the domain of g. Combining (189) with the case description, we have that g(b,c—1) = a+ 1.
Combining the claim, (I87), and a + 1 > 0, we have that (b,c — 1) € X3. Hence,

- a EZ 1 c—1 Ea
4&“5=§:7+&(%5)+§j&+i;w—&&ﬂH» (233)
=1 i=b+1

Using z(p?®%) > z(p>**t1), yields the inequality,

E
(&— jﬁw+1—&&ﬂm>a (234)

which establishes the result combined with (190).

2) We consider two cases. The two cases make sense since a > 0 by the statement description.
Case 1 (a—1,b,¢) is a good-triplet: Combining a > 0 from the statement description and (187),
we have that, (a — 1, b) belongs to the domain of e. Combining a > 0, (I89), and Lemma [14}2-c,
(a —1,b,¢ — 1) is a bad-triplet. Combining the above with the case description, we have that

e(a —1,b) = c. Since b < ¢ < n from (187), we have that (a — 1,b) € X5. Hence,

a—1 ¢
Ap ) =) S (9 - 5) + 3 Bt B (0+1— EySarip).  (235)
i=1 i=b+1

Using z(p?®%) > z(p?*~1?), yields the inequality,
(Eo — 2E.)(Ea — Ep) 2 0. (236)

which establishes the result since E, > Ej (the inequality is strict by assumption Al).

Case 2 (a — 1,b,¢) is a bad-triplet: From (230), we have that (b, ¢) belongs to the domain of
g. Combining the case description with (I88)), we have that g(b,c¢) = a.Combining and
a > 0, we have that (b, c) € A3. Hence,

a—1 c
Ei Ea
Z(pB,b,c) = E —2 + Eb9 + E El + 7 (5 - EbSaJrl,bfl) : (237)
i=1 i=b+1
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Using z(p?®%) > z(p>*¢), yields the inequality,
E,
(E _ 7) (6 = EySurns) > 0, (238)

which establishes the result from (190).

3) We consider three cases. The cases make sense since, b > r+ 1 from (I87), and if b > r + 1,

(a,b—1,c—1)€[0:r—1] x[r+1:n]x [r+1:n] from (I87).

Case 1 b = + 1: This case reduces to, >/ ., g > =
Case 2 b>r+1, (a,b—1,c—1) is a bad-triplet: Combining b—12>r+1 and (187), we

have that (a,b— 1) belongs to the domain of e. From b—1 > r + 1, (I88), and Lemma [14}1-a,

, which is true due to 1.

we have that (a,b — 1,¢) is a good-triplet. Hence, we have e(a,b — 1) = ¢. Combining with

(187), we have (a,b — 1) € X5. Hence,

a

E;
Z(p27a,b—1) — Z 7 + Eb 1 9 — 1 Z E + E —1- Eb—15a+1,b—1) . (239)

=1

Using z(p?>®%) > z(p?>»b~1), yields the inequality,
(Epy — Ep1)(0 —1 — E.Sqi15-1) > 0, (240)

yields the result since £} > Ej (the inequality is strict due to assumption Al).
Case3b>r+1, (a,b—1,c—1) is a good-triplet: Combining ¢ —1 > b— 1geqr + 1, with (187),
we have that (a,c — 1) belongs to the domain of h. Combining (189), and the case description,
we have that h(a,c — 1) = b — 1. Notice that b — 1 > r + 1. Hence, (a,c — 1) € X}, and
min{h(a,c —1),c — 1} = b — 1. Hence,

a E 9 o 1 c—1
1 ,a,C— 1 ?
— E; 241)
; 2 Sat1,b-1 Z
Using z(p?®?) > z(p"*“1), yields the inequality,
(0 —1—E.Ser1p-1) (0 — EpSatr1p-1) <0, (242)
which establishes the result due to (190)).
4) Notice that the above reduces to,
0> E.Sat1p- (243)

We consider three cases. The cases make sense since tells us b + 1 < ¢ and hence

(a,b+1,c)€[0:r—1]x[r+1:n]x[r+1:n],and b < ¢ from (187).
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Case 1 (a,b+ 1,c¢) is a bad-triplet: Due to (187)), we have that (a,b) belongs to the domain of
h. Combining the case description with (I88]), we have that h(a,c) = b. Since, b > r + 1 from
(187), we have that (a,c) € X}, and min{h(a,c),c} = b. Hence,
~E; 05 :
lLa,c v
ae)y = § 1 E, 244
2(p"™°) z; 5+ + (244)

S
atlb i pp

1,a,c>

Using z(p?%?) > z(p“*©), yields the inequality,

(EcSa-H,b - 0) (EbSa-‘rl,b - 5) < 07 (245)

which establishes the result due to (190).

Case 2 b+ 1 =¢, and (a,b+ 1,¢) is a good-triplet: Due to (187), we have that (a,b) belongs
to the domain pf h. Since, (a,b+ 1,c¢) is a good-triplet, we have h(a,c) > b+ 1 = c. Since,
b+ 1>r+1 from (I87), we have (a,c) € A}, and min{h(a,c),c} = ¢ = b+ 1. Hence,

a

ooy~ S B 016+ ) o6

— 2 Sat1,p41

Using z(p?>®%) > z(pY»b*1), yields the inequality,
(EpSat1p+1 — 0 — 1) (Eps1Say16 — 0) <0, (247)

which yields the result since EpSqi1p41 > EpSat1p+ 1 >0+ 1 (B, > Epyq and (190)).

Case 30+ 1 < ¢, and (a,b+ 1,¢) is a good-triplet: Due to (I87), we have that, (a,b+ 1)
belongs to the domain of e. Combining (I89), c—1 > r+1 from (230), and Lemma [14}2-a, we
have that, (a,b+ 1,¢ — 1) is a bad-triplet. Combining with the case description, we have that
e(a,b+ 1) =c. Since, b+ 1 < ¢ < n, we have that, (a,b+ 1) € X,. Hence,

a

a Li -
S(p2ohH) — Z o tEn(0+1)+ ’Z Ei+FE,(04+1—Eyp1Sas101)- (248)
i=1 i=b+2
Using z(p?®%) > z(p?>»b*1), yields the inequality,
(Eb — Eb+1) (8 — EcSa+1,b) > 0, (249)

yields the result since £}, > Ej, (the inequality is strict due to assumption Al). [ ]
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Now, we construct a Lagrange multiplier, similar to case 1. Consider . € R", given by,

(

23 ifa+1<k<r
1- L ifr+1<k<b—1
[y, = ¢ : (250)

EcSa-‘rl,b—l + 1-— 9 lf k - b

0 otherwise

The above p satisfies p > 0. If k£ € [a + 1, 7], we have that,
E. 1 S E. 1

- ¢ _ = —=>0 251
o B 2-h., 22" (251)
where the last inequality follows due to Lemma l. If £ € [r+1,b— 1], we have that,
E E
=1-=>1-=>0 252
e B, = g =" (252)

If k=0, pu, >0, is Lemma [I8}3.
Using the above p as a Lagrange multiplier for problem (P-1,2,..,r), we have the problem,
a g bl n
max Y pi—=+ Y piEe+pEy(0 — EcSarip-1) + Y piE;
SR R prne! (253)
st. pelA,.,AeR

Notice that due to Lemma [18] we have that E;/2 > E. for j € [1 : a], E; > E, for j € [b+1: ],
E;, <E.forje|c+1:n],and (§ — E.S,4+15-1) > E.. Hence, an optimal solution p for the
above problem is p = p>®® with arbitrary v. Let, v = E},. Notice that from Lemma [3| part-2-b,
we have that (pb®® v) is feasible for (P-1,2,..,r). Also, notice that from the definition of g,

we have p;, > 0 implies pi’“’bEk = E,. Hence, from Lemma [3| we have that (p*%?,v) solves
(P-1,2,..,r), as desired.
Case 3: Best vector in A comes from A;
Let p>>¢ denote the best vector where (b, c) € X3, and let a = g(b, c) > 0. Define
Q:T;aer—r (254)

and 0 =7 —a+ b — c. Now we prove the following lemma.

Lemma 19: We have that,
1) If ¢ < n, then % > FEeoq
2) %Saﬂ,bq +1>40
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3) Ey (9 — %Sa—l—l,b—l) > %
4) 2E. > E,
Proof:
1) From (194) we have that (a — 1,0) belongs to the domain of e. Combining a > 0 from
(194), ¢ + 1 < n from the statement description, Lemma l—d, and (193), we have that,
(a —1,b,c+ 1) is a good-triplet. Combining this with (I96)), we have that e(a — 1,b) = ¢+ 1.
Notice that, b < ¢+ 1 < n from (194). Hence, (a — 1,b) € X,. Hence,

a—1

E; 1 -
2(p?e by = Z L+ E, <9 + —> + Z Ei+ Eeyy (§+1— EySat1s)- (255)

— 2 2 ,
i=1 1=b+1
Using z(p>"¢) > z(p>2~ 1), yields,
E,
(7 — c+l) (0+1—EpSap) >0, (256)

which establishes the desired inequality from (197).

2) We consider three cases. The cases make sense since b > r + 1, and if b > r + 1, we have
that (a —1,0—1,¢) € [0:r+ 1] X [r+1:n] x [r+1:n] from (194).

Case 1 b = r + 1: This case reduces to E,S,+1, > r — a, which follows since £, > E; Vi €
[a+1:7].

Case 2 b >r+1and (a —1,b —1,¢) is a bad-triplet: Due to b — 1 > r + 1, and (194)), we
have that (b — 1, ¢) belongs to the domain of g. From (193), b—1 > r + 1, and Lemma l—a,
we have that, (a,b — 1,¢) is a good-triplet. Combining with the case description, we have that
g(b—1,¢) = a. Notice that b—1 < ¢ < n, and 0 < a < r—1 from (194). Hence, (b—1,c) € Xj.

Hence,

a

At =3 5 B (0 -1)+ > Ei+ - (0=1=E1Supm). (257)
=1 i=b

3,b—1,c>

Using z(p*>*¢) > z(p , yields the inequality,

E,
(Ey — Epq) (9 —-1- 75a+1,b1) > 0, (258)

yields the result since £} > Ej, (the inequality is strict due to assumption Al).
Case3b > r+1, (a—1,b—1,c¢) is a good-triplet: Due to (I194), we have that (a—1, ¢) belongs to
the domain of 4. Combining the case description with (I96)), we have that h(a—1, ¢) = b—1. Since
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b—1 > r+1, from the case description we have, (a—1,¢) € X, and min{h(a—1,¢),c} =b—1.

Hence,
2(ph 1) = az_l g © _b_l + Z E; (259)
i=1 Sa
Using z(p3%¢) > z(p'e~1¢), yields the inequality,
(%Sa-i-lb—l — 0+ 1) (EbSa,b_l — 5) <0, (260)

which establishes the result from (197).

3) Notice that the above reduces to,
E,
0> 75a+1,b- (261)

We consider three cases. The cases make sense since, b < ¢ by (194)), and if ¢ > b, we have to
have that (a,b+ 1,¢) € [0:r+ 1] X [r+1:n] x [r+1:n] from (194).
Case 1 b = ¢: From (195), we have that, h(a,c) > b = c. Since ¢ > r + 1, we have that,

(a,c) € Xy. Moreover, min{h(a, c),c} = ¢ = b. Hence,

1 ,a b
i (262)
Z a+1 b
Using z(p*"¢) > z(ph*?), yields the inequality,
E,
(75a+1,b — 9) (EpSay1 — 0) <0, (263)

which establishes the result from (197).

Case 2 b < ¢, and (a,b+ 1,c) is a good-triplet: Since b+ 1 < ¢ < n, where the last inequality
follows from (194), we have that (b + 1,¢) belongs to the domain of g. Combining (196),
b+ 1 < ¢ < n, with Lemma [14}2-a, we have that (a — 1,b+ 1,¢) is a bad-triplet. Combining
with the case description, we have that g(b+1,¢) = a. Notice that b+1 < ¢, and 0 <a <r—1
from (194). Hence, (b + 1,c) € A5. Hence,

a

2(p>bT1e) = E 5 + B (0+1)+ E E; + - (0+1— Epr18a41+1) - (264)
i1 i=b12

Using z(p*"¢) > 2(p*¥1¢), yields the inequality,
E,
(Ey — Ept1) (9 - 75a+1,b) >0, (265)

yields the result since F} > Ej; (the inequality is strict due to assumption Al).
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Case 3 b < ¢, and (a,b+ 1,c¢) is a good-triplet: From (194)), we have that (a, c) belongs to the
domain of h. Combining the case description with (193), we have that h(a,c) = b. Notice that
b>r+1 from (194). Hence, (a,c) € &), and min{h(a, c), c} = b. Hence,

~E; 0 :
(P =) St —+ D B (266)
= 2 Sat1 i=b+1
Using z(p>®¢) > z(p"®*), yields the inequality,
E,
(73a+1,b - 9) (EpSas10 —0) <0, (267)

which establishes the result from (197).
4) We consider two cases. The cases make sense since b < ¢ from (194).

Case 1 b = c: Notice that from part 2 of the lemma,

E,
0 — 75a+1,b—1 <1 (268)

Substituting this in part 3, we have the result.

Case 2 b < ¢: From (194), we have that, (a,b) belongs to the domain of e. Combining (196)),
c—12>b>r+1, from the case description, with Lemma 2—d, we have that, (a,b,c—1) is
a bad-triplet. Combining with (195)), we have that e(a, b) = c. Notice that b < ¢ < n, where the
last inequality follows from (194). Hence, (a,b) € X,. Hence,

. a EZ C
S(pPaty Z - + B+ ‘Z Ei+ E. (0 — EySai1s) - (269)
i=1 i=b+1
Using z(p*"¢) > z(p>??), yields,
E,
(7 - Ec) (5 - EbSa-‘,-l,b) Z 0; (270)
which establishes the desired inequality due to (197) [ ]

Now, we construct a Lagrange multiplier, similar to case 1. Consider p € R", given by,

%—% ifa+1<k<r
1— 32 ifr+1<k<b-1
[ = , 271)

%SLH»Lbfl + 1-— (9 lf k - b

0 otherwise
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The above p satisfies p > 0. If k& € [a + 1, 7], we have that,

_ B 1 B 1 (272)
Me=9p, ~2<2E, 2 7

If £ € [r+1,b— 1], we have that,

=1 E“>1 E“>0
k=275 = "9, ="

(273)

where the last inequality follows due to Lemma [I9}4
If k=0, u >0, is Lemma [19}-2.

Using the above p as a Lagrange multiplier for problem (P-1,2,..,r), we have the problem,

tax ZpJEjL Z pj 5 =+ py oy (6 — La a+1,-1) Z piE

j=a+1 Jj=b+1 (274)
st. pelA,,,AeR

Notice that due to Lemma [19] we have that, E;/2 > E,/2 for j € [1:a], E; < E.q < E,/2
forjelc+1:n], B;>E. > %2 forjeb+1:d, and E, (6 — £2S,115-1) > Z=. Hence,

an optimal solution p for the above problem is p = p>¥<

with arbitrary 7. Let, v = Ej. Notice
that from Lemma |3} part-2-c, we have that (p37b70, 7) is feasible for (P-1,2,..,r). Also, notice that
from the definition of p, we have p; > 0 implies pi’b’CEk = FEj. Hence, from Lemma [3| we

have that (p>¢

,7) solves (P-1,2,..,r), as desired.
Case 4: Best vector in A is p°

Lemma 20: We have that,
> FE. (275)

Proof: Notice that,

Er+1‘
E,
Hence, (r—1,r+1,741) is a good-triplet. Hence, h(r—1,r+1) > r+1. Clearly, (r—1,r+1) €

X, Also, min{h(r — 1,7+ 1),r + 1} = r + 1. Hence,

r— (7’— 1) - 1 < ET+1ST,T+1 = 1+

(276)

1,r—1 7‘+1 il 277
z Z 2Sr ,r+1 ( )

Using z(p°) > z(p""~1"T1), yields the desired inequality. |
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In this case we can use u = 0 as a Lagrange multiplier vector for (P-1,2,..,r), which gives

the problem, : .
gy gt Y nk
j=1 j=r+1 (278)
st. peA,,,AeR
Due to Lemma we have that p = p® is an optimal solution for the above problem
with arbitrary . Let, v = E,,;. From Lemma [3| part-2-d we have that (p°,v) is feasible for
(P-1,2,..,r). Also, notice that y, = 0 for all £ € [1 : n|. Hence from Lemma [3| we have that
(p°,7) solves (P-1,2,..,r), as desired.

APPENDIX F

ALGORITHM TO PROJECT ONTO A, .

Algorithm 4: Projecting y sorted in the nonincreasing order onto A, ,

1 Define forall 1 <a <b<mn,
Sy —(r—a+1)
b—a+1

B.y=1{(b=n) or [(b <n)and (Yp+1 < ap)]}

Hap = 7~’4a,b = IL{yb > Ha,b > Yo — 1}

Cop =1{(a=1) or [(a>1) and (yo—1 — 1 > pap)]}
g(a,b) =min{c:c>b,B,.=1},h(a,b) = max{c:c<a,C.p, = 1}. (279)

2 Initialize (a1,b1) = (r, 7).

3 for each t € {1,2,...} do

4 Set (ai1,be41) = (h(at, glag, by)), glag, by)).

5 if (aty1,0011) = (ay, b;) then

6 Output € R", where x; = Ijo17(yi — fay.b,)-

7 end

s end

Analysis of Algorithm @ Fix y € R. Notice that the problem of projection of y € R™ onto
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An,r IS’
1 2
min oz -y
(280)
st. yeA,,
We assume, without loss of generality, that y is sorted in non-increasing order (Notice that if y
is not sorted, we could sort y, perform the projection, and rearrange the elements according to

the original order. This works since the set A, , is closed under the permutation of entries of

its element vectors).

n

Now consider L(z, u) for p € R given by L(z, ) = 3|z —y|> + (ijl 2; — r), and the

problem,

(P6-p1) min  L(z, p)
o (281)
st. ze€[0,1]"
for a fixed 1 € R. Let us assume the existence of a u* € R such that the solution z* of (P6-1*)
defined in (281) satisfies, ) 7, 27 = r. Notice that z* is optimal for the original problem since
for any z € A,,,,

1 * * * 1 *
§Ilz—y||2=L(z,u ) > L(z"07) = 5|1 —yl%. (282)

Hence, we focus on finding such a p* and the corresponding z*. First, we focus on solving
(P6-11) defined in for a fixed u € R. Notice that (P6-p) is a separable quadratic program
in the entries of z. Hence, the optimal z; can be obtained by projecting the unconstrained optimal
value for each entry of z onto [0, 1]. Hence, the solution is z; = Ijqj(y; — ) for all j € [1: n],
where Il ;) denotes the projection operator onto [0, 1].

Now we need to find p* such that the optimal solution z* of (P6-1*) defined in satisfies

z* € A, ,. Hence, we require ;/* € R such that

> Moy — ) =r. (283)
j=1

For ;o € R, define the set IC, = {i;1 <i <n,u+1>y; > u}. Notice that for each p € R, IC,,
is either the empty set or a set of the form [a : b] where 1 < a <b < n.

We have two possibilities if /- is the empty set. The first is p* > y; for all j € [1 : n] in
which case we have » 7 Iljo1j(y; — p*) = 0 which does not agree with (283). The second is
p* < y; —1forall j €[l :n]in which case we have 37 | I (y; — p*) = n. This is only
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possible when n = r, in which case the only solution to the problem is the trivial solution of
player 1 choosing all the resources.
Hence, we will focus on the case of non-empty K ,-. Let K\ = [a* : b*] where 1 < a* <

b* < n. This is equivalent to p* satisfying the conditions,
Yo 2 P2 Yo — 1
(b* =n) or [(b* <n) and (ypri1 < p*)]
(@*=1)or [(a*>1) and (yor—1 — 1 > u")] (284)

Define for each a,b € [1 : n| the real number i, as

Sy~ (r—a+1)
b—a-+1 ’

Hap = (285)

Now, notice that (283]) translates to,

1=t (286)
where K« = [a* : b*]. Combining (286) and (284), we have that if we can find a*, b* (1 < a* <
b* < n) such that

Yor 2 Har b = Yar — 1
(b* =n) or [(b* <n) and (Ypri1 < fa p+)]
(@*=1)or[(a*>1)and (Ygr—1 — 1 > fa*p~)] (287)

are all satisfied, then we are guaranteed that the solution z* of (P6-y,+;+) defined in (281)

satisfies z* € A,,,. For each a,b € [1 : n|, we will denote the three conditions,

Aap = H{yp > flap > Yo — 1}
B,y =1{(b=mn) or [(b<n)and (yp+1 < tap)]|}
Cop=1{(a=1) or [(a>1) and (ys—1 — 1 > ptap)]} (288)
Hence, our goal is to find (a*, b*) such that Ay« p» = 1, By« p= = 1, and Cyx p» = 1.
An easy way to find a*, b* is to go through all a,b € [1 : n] and check whether the above

three conditions are satisfied. This approach has to go through n? pairs (a, b). We will provide an

alternative approach that is efficient and goes through at most n pairs (a, b). With this approach,
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we can also establish the existence of a*,b* € [1 : n] satisfying Ay« = 1, By=p» = 1, and
Corpr = 1.

Given a,b € [1 : n], define g(a,b) as the minimum integer in [b : n] such that B, 4 = 1
(Notice that B, ,, = 1, so such an integer always exists). Similarly, define h(a, b) as the maximum
integer in [1 : a] such that Cp(, ), = 1 (Notice that C;, = 1, so such an integer always exists).

We have the following claim.

Claim 1: If A,;, = 1 then we have that A, 4,0 = 1 and Ay p)p = 1

Proof: We only prove that A, 4, = 1. The other part follows from a similar argument.
First, notice that if g(a,b) = b, we are done. Hence, we will assume g(a,b) > b. We prove a
stronger statement. We prove that A, . = 1 forall ¢ € [b: g(a, b)]. We use induction for the proof.
Notice that the base case ¢ = b is true. Now assume that A4, . = 1 for some ¢ € [b: g(a,b) —1].
We prove that A, .1 = 1. Since ¢ € [b: g(a,b) — 1], from the definition of function g, we have
that B,,. = 0. Also since ¢ < g(a,b) — 1, we have that ¢ < n. Hence, using the definition of
B,.c, we have that y.41 > j1,,.. Hence,

fac(c—a+1) + yei < Yer1(c —a+1) + Yepr

a,c+1 — = Yecat1, 289
Ha,c+1 c—at2 S c—at2 Yet1 (289)
where for the first equation we have used the definition of /i, 41 from (285). Also,
Mac(c_a+1)+yc+1 Yet+1 — Haye
a.c - : — Ma.c —720, acZ a_17 290
Hae+1 c—a+2 'u’+c—a+2 (@) Hae =) ¥ (290)

where (a) follows since y.41 > fi4, and (b) follows since A, . is true by assumption. From the
above two inequalities, we have that A, .., = 1 as desired.
|
Now consider the following sequence S of tuples S = {(a1, b1), (ag, b2), ...}, where (a1,b1) =
(r,7), and (a;, b;) = (h(ai—1,g(a;—1,b;-1)), g(a;—1,b;—1)) for each i > 1. We have the following
claim regarding S.
Claim 2: We have that A,,;, = 1 and C,,p, = 1 for all i € {2,3,... }.

Proof: The fact that C,,,, = 1 for all i € {2,3,...} follows from the definition of a;,b;
and the function h, since (a;,b;) = (h(a;—1,g(a;—1,bi—1)),g(a;—1,b;—1)) for all i > 1. For the
other part we use induction. It can be easily checked that A,, ;,, = A, = 1. Assume A,, 5, =1
for some 7 > 1. Hence, we have from claim 1 that A,, ;, ) = 1. Applying claim 1 again we

have that Aj(q, g(a;,6:)),9(as,:) = 1 Which completes the induction. |
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Now notice that the sequence S satisfies,
a;11 S ag, bi+1 Z bl (291)

for all i € {1,2,...}. This is because b;.; = ¢g(a;,b;) > b; by definition of function g and
a;y1 = h(a;, g(a;, b)) < a; by definition of function h. Additionally, from the definition of
sequence S, it can be easily seen that if (a;y1,b;41) = (ai, b;) for some ¢ > 1, then we have
(aj,b;) = (a;,b;) for all j > 4. Combining the above property with (291)), we have that the
sequence S is eventually constant. In particular, there exists ¢ > 1 such that (a;,b;) = (@, b) for
all 5 > 4. It is also not difficult to see that the minimum such i satisfies : < n. To see this,

notice that,
i—1
n—1 2 bi—ai :Z[bj+1—bj+aj—aj+1] 2 (2—1), (292)

j=1
where the last inequality follows since for each j < ¢, we should have a;; < a; and b1 > b,
and at least one of the two inequalities is strict (if not we will have (a;41,b;+1) = (a;, b;) which
will contradict the minimality of 7).

From claim 2 we have that A;; = 1 and C,; = 1. We also prove that B,; = 1. To prove
this, pick any j > i. We have that (a;41,b;11) = (h(a;, g(a;,b;)), g(a;, b;)), which reduces to
(a,b) = (h(a, g(a,b)),g(a,b)). Hence, we have b = g(a, b). Notice that since from the definition
of g, we have that B; ,;5 = 1 we have that B;; = 1 as desired. Hence, (a*,b*) exists and is
equal to (@, b).

To find (a@,b) we enumerate the sequence S. As established by (292)), the sequence becomes
constant before n steps. Hence, this process is more efficient compared to the naive scheme
which evaluates i, values for all a,b € [1 : n].

Note: In Algorithm {4f although we have defined ji,4, g(a,b), h(a,b), Aap, Bap, and C,, for all

a,b € [1: n], we only require computing above for (a,b) tuples in S.
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